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PREFACE. 


IN this ſmall Treatiſe on Mathematical Analyſis, the moſt general Propo- 
ſitions ont v are given; and in the Notes at the bottom of the pages, art 
pointed out the principal authors to be conſulted by ſtudents. The whole to 
page 129, was printed in 1777 ; but owing to the Authar's bad health, &c. 
it was not until 1783, that the ſame with the addition of the quarter ſhees 
from page 129 to page 133 (which ſhould have come in after Propoſition 
VII.), was uſed here as a Text Book. As now publiſhed, the Definitions 
formerly omitted, are placed properly before the Axioms; and in the 
woTEs concluding the Analyſis, from page 133 to page 148, are given de- 
monſtratians of ſeveral propoſitions, and corrections of ſeveral errata in the 
text z BR 
ing this preface. | 

Several Corolhriet to Propaſitions XV. XVII. having been omitted by 
miſtake in the printing, the reader is referred to the truly learned and judi- 
cious Mr Baron Maſeres Differtation on the Negative Sign, where the re. 
Amen 
in the moſt perſpicuous and ſcientific manner. 
The ſecond Corollary (54) of Propalition XXI. being imperfect as 
PRINTED, may be corrected in manner following, viz. Is Every aFFEcT+ 
ED EQUATION, THE COEFFICIENTS OF THE INTERMEDIATE TERMS BE+ 
TWEEN THE FIRST AND LAST, COMPREHEND ALWAYS divifors ſimple or 
compound of the laſt term, in the compenens pers of their fame and i 
ferences. 

The rule of intereſt (115), as now given (207), is general for all rates 
PER CENT. PER ANNUM. And the rule of intereſt (210), is general alſa 
for all rates ys CENT. PER ANNYM, perfectly accurate, and more ſimple - 
and eaſy in appplication, than any rule hitherto given, 

The preſent Treatiſe is an abridgment of part of a comprehenſive Syſtem 
rene 
almoſt finiſhed. 

Wich regard to the Sign of Inequality, here al the diſerimi· 
nating letters 7, 7, ſhould have been in a ſmaller character, and placed above 
the angular point of the ſign; or more SPACE ſhould have been taken by 


the printer, to prevent any ambiguity when the ſymbols following are r, 4 
or any powers of the. Amt. 


ERRATA. 


Axatvys:s. Page 11, line 1, read (* £\ 


Page 16, Art. 17, lines 3, 4, read , ay * LR 

—— 26, before Art. 30, add, Scuoriuvx III.— Lines 3, 4, dele when m i; 
ſome power of the anmicy 2.—Lines 5, 7, read binomial. 

— 27, Note *, line 1, read Willebrordus. 

— 28, Art. 32, line 3, read 2* is wanting, —Art. 3+, line 3, for v/32 


read 2”, 


— Oo line. 4, connect the cubic radicals with +. 

— 32, Art. 39, Ex. 2, 4, make firlt term &. 

—— 34, Ex. 2, line 6, 3 

— 42, Art. 48, lines 13, 14, inſert laſt values of v, y, viz. 8, 12. 

— 44, Ex. 3, lines 1, 2, read I, 2 43236, gives 2 B=3 
(47).—Ex. 5, line Ly read 18252. —Ex. 6, line 3, read v==8.—Ex. 
7, line 3, read 1 —. 

— 47 A. £2, at the end, add, with their Ens changed. | 
—— 40, Art. 56, line 6, before the colon, taking i in the laſt quotient.— 
Art. 57, Ex. 2, line 3, read roots 3, 5,—6.—Ex. 3, line 1, read 106x. 
— 50, Art. 58, Ex. 2, line 2, read 3, 5,—6; and line 3, read —3,—5, 6. 
—Ex. 3, lines 1, 3, read 106x,—Art. 61, line 5, read x +a==y, or 

— 


1 52, Art. 62, lines 7, 8, read „ &c. and yF Px. 


— 75, line 1, prefix 85, Corol. V. and corre&t the Article Numbers to 
page 81. 


— 92, Caſe III. in ralues of n, v, for 227d, read 25 +1d. 
— . Cafe VII. in value of 2, read *=,—Caſe VIII. in values of 


a, A, a —4 X 2—1 and for ike. 5 . 


111. Note f. See Abbot de Molieres in his Mathematical Leſſons, 
London, 1730. 


118. Caſe VI. in * of r, dele —, and in in value of e, to is fas. 


tion add v—, Caſe VIII. read a==rv=-s Xr—1 ; and hence correct 
the value cf n. 


— 120d, 121, Ines 5, 
numbers. 

— 123, Art. 141, lines 6, 7, tha 2 1 read at 

— 131, Art. 157, lice 1, th. r — 


line , read whole 


Norzs. Page 132, Art. 168, laſt line, dele Xx before . 
Page 136, lice 20, for Hvp. read Since. 


138, Art. 187, line 2, read the rcots; and Tine 35 read term. 


SYNOPSIS. Page 4, line laſt but one, read ratio 5: 7. 
Page 13, Prop. D. Corol. line laſt, for greater lf, read equally lefs, 
— 21, line 15, on the left, read Prop. X. 


DEFINITIONS. 


DEFINITION I. 


MarnrnariCal ANALYSIS is the ſcience of QuaxTiTY in general ; 
whe: by QuanT1ITY is underſtood whatever is meaſurable, or made up 
of parts. 


DEFINITION II. 


Qvanrirr is divided into rorzu and imyROPER. That is called 
proj. r quantity which can be meafircd by its own lind, and that impro- 
pri ntity which cannot be meaſured by its own End, but to which 2 
me ute may be aihyned by means of ſome proper quantity having connec- 
tion with it. | 

DEFINITION III. 


In m-THEMATICAL ANALYSIS all quantities are repreſented by alpha - 


bet cal jet rs. d the ALGORIEHM OF ARITHM+T1C of quan-ity ad” ita 
of tie ſa nt opera. 2s as that uf numbers, viz. addition, lubuatton, multie - 
phicauon, d.vilun, iavelution, an evolution. = 


DEFINITION IV. 


Apdorrios collects or gathers together quantities into one ſum or aggre- 
gate. And the op ration of addition is denoter: by int. rpofing between the 


DEFINITION V. 


SUBTRACTION determines the difference of quantities. The — i 
From wah wc eration made lee and that by wh | 
btraction is the ſubtrahend or ablative quantity. And the operation 
of ſubtraction is denoted by interpoſing between the minuend and ſubrra- 


DEFINITION VI. 
 MouLTieLicatiIOn compounds or repeats one quantity as often as there 
are UxITS in the fame, or any other quantity. The quantity ariſing by mul- 
Vid. Philoſophical Tranſactions, No. 489, for year 1748. 


© 
x - 


( u 


tiplication is called a produd, the quantities multiplied together being the 
factors of the product; whereof one is termed the multiplier, and the other 
the multiplicand. And the operation of multiplication is denoted by inter- 
poſing between the factors the /in of multiplication (x into]; or ſimply 
by the juxtapoſition of the factors. | | 


DEFINITION VII. 


Division decompounds or reſolves a product into its two factors or eb. 
ficient parts, one of them being always aſſigned. The product to be reſolved 
by diviſion is called the dividend ; the factor by which diviſion is made, the 
drvifor ; and that ariſing by diviſion, the quotient. And the operation of 
diviſion is denoted by interpoſing between the dividend and divitor the fyn 
of diviſion ( = by) ; or by placing the dividend above a ſtraight line, and 
the diviſor under it; the upper quantity or dividend being then termed the 
numerator, and the lower quantity or diviſor the denominator of the fraction 


or quotient. 
COROLLARY I. 


A quotient, then, in reference to its divifor and dividend, is univerſally 
the quantity, which, multiplied into the diviſor, produces the dividend 
HT 7 


COROLLARY II. 


A fractional expreſſion, in reference to its denominator, or the product 
of the denominator by any integral quantity, 1s the numerator of tke frac- 
tion, or the product of the numerator by the fame integral quantity *. 


DEFINITION VIII. 


INS voruriox compounds or repeats one quantity continualiy, as often as 
there are units in itſelf, and in all ſubſequent products; and theſe products 
are called powrxs, the generating quantity being the xAbix of the ſcale 
or frſt power. And the operation of involution is denoted by placing, at the 


top of the root upon the right hand, a ſmall numeral figure, expreſſive of 


the number of repetitions of the radix at any place or term of the ſeries ; 
which numeral figure is emphatically called the 1XDEX, EXPONENT, or 
CHARACTERISTIC of the power. 


DEFINITION 


Thus, in reference to 4, 8, 12, 16, 20, 24, 28, &c. x 15 1, 2, 3, 4. 


5, 6, 7, &c. and 3, therefore, 3, 6, 9, 12, 15, 18, 21, &c. and the fame 
with regard to any other fraction. | 


DEFINITION 


* 


( itt 


DEFINITION IX. 

Evorvriox decompounds or reſolves powers into ROOTS, Which being 
the converſe of involution (Def. VIII.), is therefore effected by continual 
diviſion. And the operation of evolution is dencted in the Newtonian me- 
thod by giving to the quantity as an index unit, divided by the exponent of 
the particular power to be reſolved : Or the fame may be denoted in the 
common way by placing over the quantity the xadicaL sidn having the 


m 
INDEX of the particular power prefixed thereto (). 
COROLLARY. 


Since multiplication (Def. VI.) and diviſion (Def. VII.) are only re- 


peated addition (Def. LV.) and repeated ſubtraction (Def. V.); and ſince 


involution (Def. VIII.) and evolution (Def. IX.) are only repeated mul- 


tiplication and repeated diviſion ; therefore Abb rio and SUBTRACTION 
are the two yRIMARY Or FUNDAMENTAL operations in the algorithm of 
quantity (Def. III.); and of conſequence the sic us of addition and ſub- 
traction the two capital figrs in the analyſis of quantity (Def. I.). 


DEFINTTION X. 


Zinr ILE QUANTITIES are thoſe expreſſed by ſingle ſymbols. Comrouxny 
QUANTITIES are thoſe expreſſed by different ſymbols, connected together 
by the ſigns of addition and ſubtraction: And in every Expreſſion of com- 


pound quantities, the connecting fign belongs to the quantity before which 


it is placed; any quantity being conſidered as affirmative or negative ac- 
cording as it is affected with the ſign of addition or ſubtraction : A quan- 
tity without any ſign being always affirmative. 


DEFINITION XI. 


A NUMERAL FIGURE, whether integral or fractional, prefixed to any | 


quantity, is called a COEFFICIENT or FELLOW-FACTOR, as denoting how 
often the quantity is reckoned ; and the quantity itſelf, with its coefficient 
prefixed, is called a muLTiPLE. A quantity with a fractional coefficient, 
is ſometimes called 8UBMULTIPLE. And when no number is prefixed to 
any quantity, UNITY is underſtood as the COEFFICIENT. 


COROLLARY I. 

Hence, aſſuming any quantity A; ſince A==1 x A (Def. VI.) and 

AxA=1 (Def. VII. Corol. I.); that is, ſince A is the ſame multiple 
| "Bi I 


- 


of unity as E is part or ſubmultiple of unity, the quantities A, A, are there- 
a a 2 fore- 


( iv ) 


fore faid to be 1nVERSE or RECIPROCAL of one another. And hence, in 
the Newtonian notation of evolution (Def. IX.), the index or exponent 
af the root is the inverſe or reciprocal of the index or exponent of the 
power to be evolved. 


COROLLARY II. 


The coefficient of a faction, if a whole a may be prefixed to 
the numerator of the fraction, and if a fractional number, the numcrator 
of the coefficient may be prefixed to the numerator of the fraction, ad 
the denominator of the coefhcient to the denominator of the fraction. For 
a fraction being an expreſſion of a quotient (Def. VII.) to repeat a fraction 
according to the units in any — (Def. VI). is to multiply the num- 
ber into the numerator, the denominator remaining the ſame: And to take 
any part of a fraction according to the units in any number, or to divide a 
OT ＋ 14 iply the number into the denominator, che 


6 WUINg Bs 


DEFINITION XII. 


SIMILAR or LIKE QUANTITIES are thoſe expreſſed by the ſame ſymbol 
or ſymbols equally repeated; and prissimitar of UNLIKE QUANTIT'ES 

are thoſe expreſſed by different ſymbols, or by the fame ſymbol or ſybuls 
differently repeated. 


DEFINITION XIIL 


A STRAIGHT LINE drawn above any compound quantity, and conſol- 
dating as it were the compound quantity into one maſs, is called a vixcus 
Lum. And by means of the vincuLumn, the ſums, differences, products, 


quotients, powers, and roots of compound quantities, are denoted in the tame 
manner as thoſe of ſimple quantities. 


DEFINITION XIV. 


The zr v of quantities perfect] 3 another, is de- 
noted by interpoſing between the — quantities the ſign of equality 
S and every expreſſion of equivalent quantities denoted in this man- 
ner, is called an kap Arion. And when there are different quantities con- 
nected roger by the figs of addition and ſubtraction, on both ſides of an 

equations theſe TERMS Or MEMBERS of the equation. 


DEFINITION XV. 


10 a} "IM 
all the other 


P n ies 


The yrINCIPAL QUANTITY in an equation is that qua 
TALUE or VALUES depend upon, or flow from the values 


3 


quantities combined any how in the terms of the equation. This quantity is 
denominated the xooT of the equation; the vaRIABTE, the iNDETER MI» 
NATE, or the UNKNOWN quantity; and is always denated or repreſented by 
ſome one of the final letters of the alphabet. 


DEFINITION XVI. 


Tus QUANTITIES in an equation whereof the varues depend not 
vpon the combination and arrangement of the terms, but continue always 
the /am-, let them be con:bined any how, are called mVaRHIAZTE, or DE- 
T AM ATB, OF KNOWN, OF GIVEN quantities; and theſe are always de- 


noced or repreſented by ſome of the initial Letters of the alphabet. 


DEFINITION XVII. 


Renvucrtion OF AN EQUATION brings the principal quantity (Def. XV.) 
to poſſeſs one fide of the equation alone, and y diſengaged from other 


quantities; and the prRINC1PAL QUANTITY is then DETERMINED, as being 
expounded on the other fide of the equation by a quantity equivalent 
thcreto, in conſequence of that combination of the mvaRriaBLE QUANT 
TiEs (Def. XVI.) from which the equation derived its origin. 


COROLLARY. 


.-& quantity in an equation may be conſidered as the rum A Quan- 
Way may be enunciated by xEDucTi1ON 3 a value poſſible and con- 
ſiſtent in all reſpects being previouſly ſubſtituted inſtead of the principal 


quantity wherever it appears in the equation. 


DEFINITION XVIII. 


RaT10 is a mutual relation of two magnitudes of the fame kind to one 
another in refpe& of quantity: Or according to Euclid in the Elements *, 
Ratio ts a certain mutual habitude of two magnitudes of the ſame Lind, ac- 
cording to quantity : That is, the mutual compariſon of two homogeneous 
- quantities according to magnitude or quantity, is called xa rio, and is dre 
_ noted by interpoſing between the quantities two points placed vertically (:). 
The quantities compared together are called the terms of the ratio; the 
former quantity being denominated the antecedent, and the latter the conſc- 
quent e And the ratio is denominated a ratio of majority, or of greater in- 
equality, equality, or of equal to equal, and minority or of leſs inequality, 
according as the antecedent is greater, equal, or leſs than the conſequent. 


COROLLARY 
» Book V. Definition III. 


1 


COROLLARY I. 


Since any quantity is equal to unity repeated as often as there are units 
in ſaid quantity (Def. VI.), it therefore follows that any quantity may be 
conſidered, and hence denoted as a ratio having unity for a conſequent : 
And becauſe any quantity may be conſidered as a unity of its own kind, it 
follows alſo that a ratio undergoes no change of val ur, by taking inſtead 
of the terms of the ratio, any zxquimuLTIPLEs, integral or fractional of 
the ſame (Def. XI.). Thus in the ratio m A : A, conſidering A as 1, 
then m A as (Def. XI.), and the ratio m A: A the ſame with the ra- 
tio m: 1; thus alſo, in the ratio m A: = A, conſidering A as 1, then 
m A as u, A as a, and the ratio m A: = A the ſame with the ratio m: . 
And hence all ratios may be reduced to equivalent ratios having unity for 
a common conſequent, by taking the general 2 of the quotients 
of the antecedents by the conſequents (Def. VII.) as the antecedent. 


COROLLARY II. 


Equal RArios obtain between adjacent terms, and UNEQUAL RAT10sS 
between terms that are not adjacent in any regular ſeries of powers (Def. 
VIII.) or roots (Def. IX.); and alſo in any ſeries of quantities where all 
terms of the ſeries are EQUIMULTIPLES of immediately contiguous terms, 
reckoning from either extremity of the ſeries, and taking any quantity, in- 
tegral or fractional, as the multipher *. In the ſeries of integral terms 
increaſing, or fractional terms decreaſing, the product of two aſſumed 
terms, in reference to the higher aſſumed term, is always a ſubſequent or 
| higher term, and the quotient of the higher aſſumed term, divided by the 
lower, a preceding or lower term. Whence, fince any term may be conſi- 
dered as a ratio, whereof the conſequent is unity (Corol. I.), it is evident 
that theſe ratios are generated from a multiplication or diviſion of their an- 
tecedents ; the former operation generating greater, and the latter leſs ratios 
or terms; therefore, conſidering every ratio as a quantity ſui generic, the 
former operation in the arithmetic of ratios is called appitioN, and the 


latter $UBTRACTION. 
COROLLARY 


* I, 2, 4, 8, 16, 32, 64, 128, 156, &c. 
I, 2, 4 i 15 p U Ty £709 &. 
r, 3, 9, 27, SI, 144, 739, 2187, 6591, &c. 
1, J, 59 7505 Fro 2470 TIT? TT yr, &c. 
NC. | &c. 
1, m A, mm, mmm A, nnn A, mummm A, &c. 


& ( c. 


Cu) 


COROLLARY III. 


Lo 


Between equal! quantities there can be u0 ratio, accurately 
The idea of equality being that of ſameneſs or identity, and fo oppoſed ta 
the idea of compariſon, as implying that of diverſity. Hence a ratio of 


equality is ſaid to be nothing, or to have no meaſure ; and converſely, of a 


ratio equal to nothing, the terms are equal. Hence, 


COROLLARY IV, 


Aſſuming any 1 itſelf again, or which is the fame, aſſuming two 
n 


equal quantities, and g the ratio in terms, let the conſequent remain in- 
variably the ſame. Then if the antecedent be ſuppoſed to increaſe conti- 
nually, or to flow upward through all degrees of magnitude, the ſeries will 
comprehend all ratios of majority or greater inequality, and theſe increaſing 

continually as the ſeries expands continually : but if the antecedent be 


ſuppoſed to diminiſh continually, or to flow downwards through all inferior 


degrees of magnitude, the feries will comprehend all ratios of minority or 
leſs inequality, and theſe increaſing continually as the ſeries expands down- 
wards continually. Thus the ratio of equality, though properly ſpeaking 
no ratio, is the common limit between ratios of majority and ratios of mino- 
rity : and the magnitude of any ratio may be eſtimated by its diffance from 
the common limit or ratio of equality, a ratio being greater the farther it 
is removed from the ratio of equality : And from the different ways by 
which all ratios of majority and minority are derived, in the ſeries ex. 
panded upwards and downwards indefinitely, it appears that theſe ratios 
are quite oppoſite in kind, or heterogeneous to one another, and ſo incapable 
of any mutual compariſon as to magnitude or quantity. 


COROLLARY V. 


Hence, in comparing together ratios as to equality and inequa lity, if 
equimultiples of both terms of the ratios, compared together by — 


ternate conſequents or antecedents, give the ſame ratio or equal ratios, the 


ratios compared together are equal (Corol. I.); and otherwiſe unequal: 


And of —_ ratios, that univerſally is the greater ratio which is moſt 


remote or diſtant from the ratio of equality (Corol. IV. ). 
Ratios ED | Equal 
3: 29 3: 2== JX54: 2X54=162: 108 - 
81 : 54 C81: 5F4==81X 2: 54X 22162: 108 ( 3* m_-$ 7 34 
Ratios | Equal 
5: 71 $5: 7= $5X115: 7X115==575:805],,__ _. 
OEM: 5:161 N des g-: 
TT Ratios 


| a4 * ** , — 
9 20 I 


* * F - 


+ l # 
5 , „ 4 51 


22... I ee OI —Byr, — œ.;. m K oi TO Wong 


7:55 hoes 4p 


7: 5= 7X9: 5X9==63: +1 :5>rIt:9 
ene 335 45.—63:43 
Rati s 
$: 735 7=5X11: 7 x 1155 m1, 1 It 
9:11 (9: Ha=gX 7:11X Ja=b3: 774 77 5 7.63: 77.55: 77 


scholl ot 


This method of comparing together ratios of minority as to inequality, 
or as greater oi ks, \ ders from that given by Euciin, VI! Def e. v. 
And from this definition of Euerm, as applied to ratios of minority, it 


might be inferred, admitting, or fuppoſing negative quantities, that —2 is 


ater than —18 for example, in truth but the of the I me. 
Foc UCLID, ae — © ws of nor” wb greate! th 
nearer it is to, and not the farther it is from, the ratio of equality; it bc:.1g 
obvious that 3, for example, has more magnitude when compared with 5, 
than it has when compared with 17 ; and that, therefore, the ratio 3 : 5 
ogg en pd ont þ 17: But, conſidering the 
ratios 3: 5. 3 WW are, namely, as ratios of minority, 
the ratio 3: 5 is evident] r 17. 
to necrtingy beetle ee. 


DEFINITION XIX. 


The ix YAL Tr of quantities being either in exceſs or defect, is de- 
noted accordingly, by interpoſing between the unequal quantities the proper 


_ fgn of inequality 9 Ec). 


11 


AX 1 O M VS. 


AXIOM I. 
Every quantity is equal to itſelf. 


AXIOM I. 
The remainder of a quantity ſubtracted from 1 or 
from an equal quantity, is nothing. 
; 
_AXIOM III. 
Any whole is equal to all its parts. 


AXIOM TW. 
A quantity expreſſed one way, is equal to itſelf ex- 


| preſſed any other way. 


AXIOM V. 


Quantities which are equal to one and the fame 
quantity, or to equal quantities, are themſelves * 


AXIOM NV. 


Equimultiples of the ſame, or of equal quantities, are 
themſelves _ ; 


AXIOM VB 


If equal 2 ? K 
fs will be ul, 


AXIOM 


66 


AXIOM vm. 


If equal quantities be ſubtracted from equal ä 
the remainders will be equal. 


AXIOM N. 
If equal quantities be multiplied by equal quantities 
the products will be equal. — N 
AXIOM X. 
If equal quantities be divided by equal quantitics, the 
quotients will be equal. | 
AXIOM MX. 


If equal quantities be equally involved or evolved, 
the powers or roots will be equal. 


17 


MATHEMATICAL ANALYSIS. 


SECTION I. The Algorithm of Quantity. 


1. + Plus. The fign of addition. AB, fum of A and B. 
— Minus. —— ſubtraction. A—B, is ſubtracted from A. 
x Multiplication. Ax B or AB, the product of A by B. 


== Diviſion. A+B, or >, the quotient of A divided by B. 
= Equality. Thus A= B, an equation. 
: Ratio. Thus A: B, denotes the ratio of A to B. 


A+B+C-D. The ſum of the compound quantities A+B 
and C—D. 


A+B— C—D. The difference. 
BB. The product. 
ATB -T 


Involution, or continual Multiplication. Raiſing of Powers. 
op} A, AA. AAA, AAAA, AAAAA, &c. 


Or, | | 
of A & &, 4% 4 8; as 


P f | 
—_— 2 A=EB, . AD, e 


E volut ion, 


Roots of A. 


— — | 35 
C+D—B+A= 2o+15—= 5712 = -=2— 


Nate. 
two quantities. 


MATHEMATICAL 


Evolution, or continual diviſion. Extraction of Roots. 


VA, *VA, *VA, VA, &c. or, 
A, AT, AF, AF, Ec. 


— 2—— 2 — 
= AB, 928 V AB, &c. 


, c. 


EP, ASD), 


2. The uſe of the Vinculum, in expreſſing the ſums, differences, 
| produtts, and quotients of compeund quantities. 


Suppoſe A=12, B=5, C=20, and D=15, 


AFB + T-D= 12+5 +2015 =17+5=22: 


TeD n; + 20—15 = 75212. 


CD — A+B=20+15—12+; =35—17=18. 
C+D— A+B= 200i; aw 12+; = 40—12= 28. 


C+D— A—B = 20+15—12—5 = 35— 7=28. 


| C+D— A—B= 20+15—12—5= 35—17= : 18. 


AS+B x C= 12+5x20= 19x20 = 3 40. 
AS+B xC=12+5x209=12+1c0=112. 


AS+B x C-D =12+5 Xx 20—15 = 17x 5=85. 


AFB x C—-D= 12; x 2015 =340—15 =325- 


C+D—A—B= 20415 = 12—;5 = 3527 5. 
* — 8 


8. 


1 7 


& 17. 
CFD +B+A=ioc; z20+35 T2 I 19. 


PROPOSITION 


This fign q denotes univerſally the difference of any 


tics 
ch: 
trai 


ANALYSIS. 1 


PRoros tro I. 

3. The ſum of any number of quantities is expreſſed. by con- 
necting quantities with their proper ſigns, ind unitig, usb as 
can be united. But, in the addition of rat che product of the 
antecedents gives the antecedent of the ſum, and that of the con- 


ſequents, the conſequent of the ſum. 
Ex. 1. 8 
4ab + 26* —2 abc—; a* b* + m + 7 7 


8ab—2b*—qgabe ＋34˙ —- + + Sega 2 
1 _ 


— TRIESTE 


REI CRIES .. hs. 26 INES 


Ex. 2. 


3 +12 of : 
2 9 


. / er 1 
345 — 770 = + 121 4 — a7 +- 


PR 


— —— 


n 


642 be — 
11 a*6 + = +5/ + 9 Vab—x 8VDX- 
* 


+; 


Ex 3. 


X:B +TiD=AC:BD. 
5 Ex. 4. 
A: B + B: C (SAB: Bc) A: c. 


PrRoyosITIon IM. 
4. Subtraction in general takes place by connect pg the quanti- 
ties together, as in addition, ſuppoſing the fizns o ub ahend 
changed. But, in the ſubtraction of ratios, che terms o th ub- 
trahend, or ablative ratio, muſt ” inverted. 


Ex. 


— 


: ww _ a — 
9 a 2 8 
py 1 a * 


” OOTY Eg Pro —%r — 
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9 


Ex. 1. 
1-2 τ . we 
os. aa 
440 —2abc—54a bf +m PY JOE. Lo wee 
b a c 
$4b — gabc + 36 b* — n + * — + 
c 
Ex. 2. 
2 | | 8 
1 + On +5 "er EIT SS: +< 
a Dn b d 
Od oy 2 9907 4 6 "Aud 
b* | a TOE d 


$84* b + u- ab— x* + V a* b +2 
Ex. 3. 
A:B—C:D(=A:B+D:C)=AD:BC. 
Ex. 4. 


— — — 


A:B—B:C(=A:B+C:B)=AC:B-. 


ProeostTIon III. 
5. Multiplication connects the products of the factors with the 
* + or — according as the factors have like or unlike ſigns; 
every term of the mulipher being drawn imo each term of the 
multiplicand ſucceſſively. 


| Ex.1. 2 Tö x a+b=a* +2ab+6*. Ex. 2.4 Tb x N 2—6*. 


a ＋ 5 a ＋ 
a +b a—b 
a ab a + ab 
ab + b* —46—3 
4a T1246 ＋ 5 a* — 87, 


ANALYSIS. 8 


| & EC &6E a SE. SE 
Ex. Jo 7 * 1 Ex. 4. X C (= "nd Þ X 


Ex. 5. Ja V= ab. 


Ex. 6. 3— 45 Tac * 22 — 27 T5 c= 
64* — 1646 + 19ac + $6 —136c+ 10c? 
3Ja—2b+2:c 
24 —4 Tc 
64 —4zab+4qac 
— 12 46 + 38h —86bc 
+ 15ac — 10bc rec“ 


64 — 16ab + 19ac +86* —18bc + 10c? - 


Ex. 7. Fe 
Let m repreſent any number, then m x A: TEA 3 4 


6. Corol i 
en 


Thus: a” x af = . 


4 ProeosITION IV. 8 

In diviſion, the quotient quantity is let comparing 

* dividend with the diviſor, — all quantities that are 

common ethcients in both, and making the reſult affirmative or 
negative, according as the ſigns of the diviſor and dividend are 
like or unlike. Or, the quotient is univerſally that quantity, 
which, ——ͤ— into the diviſor, produces the dividend. 


Ex. 1. 
a +6) a* +246 T (a +b=@* + 266 + 
a +ab —_ a 


ab + b* 
e 8 ab + b*. 


_-_ 


422 wm þ* 


Ex. 2. a==b) a* —b* (a Tl 


4 — 6 
. | 4 — 46 

46 — 12 

4 — 332. 


B 2 x. 
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Ex. 5. n/ab—="Vb=- -.- —"7 ax =. 
| 273 my/b 
Ex. 6. f 


— —16ab+19ac+85*—18bc+1ec* (2a—4b+5c 
64 — 4ab+ zac 


| —12 ab+15ac+88—185c 
—12ab +8þ'— 8bc 
—— 18 — obkc + 10c 
15 ac —iobc +10c* 


Ex. "6 Let n repreſent any number, then A:B —-n = 
B = A: vB. 


1 


8. Corollary. Powers of the ſame quantity may be divided by 
ſubtracting the exponent of the diviſor from that of the dividend. 


3 &* 2 gn, 


PRoPOSITION V. 
9. Involution in general takes place, by multiplying the ex- 
Fon+nt of the quantity to be involved by that of the power re- 


quired. (5, 6.) 

Thus: 2 or a” raiſed to the u power, is an. 

The involving of compound quantities will appear from the 
following table : : 


— 1 = & Ry 
— 2 


a- b = a*:i-:2 4 b + þb* 
4 b Tab 
= = 4 4 G h u +34 
ah = ai; ab + io r | 
Sc. Oc. 
10. | Corollary. Hence, ſoppeling mM to wo _oxponſent the ex- 


ent of any power, then the terms of a==4 without their 
coefficients, will be as in the following ſeries, viz. | 
am, am— 13, a 232, am — 353, am—5 4, Gc. 


And 
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And as for the coefficients, they will always be determined from 
this general product, viz. 


m—1 mM—2 _— WY 


* * —5 X * f 
3 4 
. where, for the coefficient of any term, we muſt take the — 
of as many factors. 
5e * VI. 


11. Evolution in general takes place, by dividing the exponent 
of the quantity to be — by that of the root ITE (7, 8). 


Aw Ins, ; and 2 7 


Hence, and from the laſt propoſition, may be derived the 
following rule for the evolution of compound quantities: 

Having found the firſt term of the root by this propoſition, ſub- 
tract its proper power from the quantity given to be evolved, and 
bring down the ſecond term for a dividend ; involve the root to 
the next inferior power to that given, and multiply this power by 
the exponent of the given power for a diviſor ; annex the quotient 
to the root, and involve the whole to the given power for a ſub- 
trahend; to the remainder bring down the term next to theſe af- 
fected by this ſubtraction for a new dividend ; find the diviſor as 
ox. before, and proceed in this manner until all the terms of the 
quantity given to be evolved, are exhauſted. 

In applying this rule to numbers, let the numbers be diſtinguiſhed 
into periods, by pointing according ta the exponent of the power; 
and to obtain the decimal places in the root, to every remainder 
the adjoin as many ciphers as the exponent contains units. 


Square Root. 
Ex. 1. a* ＋ 24 T1 (a +b 


a 
2 X 4 2a) 24603 


a+} 4 ＋ 24643. 


4 


5 Ex. 2. a T 14 TI. — 2ac—2bc ( 41 
| 8 I = 
—_ 2%a=2a) 2ab(b 


their 2 11 =a* e r 


aK =- 24 (e 
And je = 4 T2250 T5 —2ac—2be oc 


"a. 
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Cube Root. | 
Ex. 3. a* —3a*b+3ab—b'(a—b 
a | 
3x @ "axge"}—— ge $(—® 


a—b 3 1132, —þ 


| + Surfolid Root. | 
Ex. 4- 4 —5a*btÞ 1064 b* — 10411 pg abt —bs (a—b 
A | 
5 x a*=50*)— 5a*b(—b 
25% T1 bt —104* b3 + $06* — 357 


—— n — —— 


Ex. 5. 156.25 (12-5. Ex. 6. 13312053 (237 
1 Square 8 Cube 


1* 222) 52 | 2x3=12) g3(3 


12x2=24)i22(s__ 23 = 12167 
f 5 23X3=1 587) 11450 (7 
12.5 = 156.25 233 =- 13312053 


Ex. 7. 4857532416(264 
16 Fourth Root. 


| 3 
2x4=32) 325 (6 
f 1 
26 x 4570304) 287772 (4 
4857532416 


— KD — — _ — 


12. Corollary. Since a==6 = a* =2aþ +, where 24 5 
the middle term, is twice the product of the iquare roots of the 
two extremes, it is evident that any quantity having theſe pro- 

perties, will be a perfect ſquare, and therefore the ſquare rcots of 
the extreme terms connected together with the fign of the middle 
term, will give the root required. 


xĩxꝛ =a x + 14a K „ 
100 + 40 +4 | [1o+2=12 
100 +10 +x | Square 0 i = 
a9 + 7 +3 | Root 19187 
36+ 31 * 44 6: 
16+6+%} j|4F3=4t 


ProrosITION 
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ProeosITIon VI. 

13. When two ratios are equal, the four terms are faid to be 
proportional, or to compoſe an ANaLoGr : the two antecedent 
and conſequent terms are called homologous qu;ntities; and the 
terms of the ſame ratio, analogous quantities. And in any ana- 
logy, the produd of the extreme terms 1s equal to that of the 
middle terms; and the analogous terms combined any how by 
addition and ſubtraction, and ordered alike, are always propor- 
tional or analogous. 

Suppoſe the Ratio A :B C: D; then AD=BC. 
A CD: C 
5 . A+B:A=C+D:cC | 1 
The Ratio B: —ä Compoſition. 


1 . AFB: Ag CD: C) ri: 
The Ratio AB: B AD: Divikon. 


0 ys. atB=D:C+, 
The Ratio A B: AB CT D:; CD Mirtim. 
14. Corol. 1. In any analogy the four terms may be taken re- 
eiprocally ; and this interchanging of the antecedents and conſe- 
quents, is called Ix VE ASIN: Alſo, when the terms are all of 
the ſame kind, the antecedents and conſequents may be compared 
together; and this = cette ALTERNATION of PERMUTATION. | 
us : 
Suppoſe the Ratio A: B= C: DO:; 5 
35 Then the Ratio, A: C= B: D, Alternation; 
* And the Ratio, B: A D: C, Inverſion. 
of Moreover, the terms of any one of the equal ratios, and the fums 
dle or differences of the hamolagaus terms, are always analogous or 
proportional. Thus : 
Suppoſe the Ratio A:B=C:D; = 
Then the Ratio, A: B ATC: BD, Syllepſis; 
And the Ratio, A: B= ANπ C: BuD, Dialepũs. 

15. Corol. 2. In any ſeries of equal ratios, one antecedent has 
the ſame ratio to its conſequent, as the ſum of all the an ts 
to the ſum or all the conſequents. | 

6 Suppoſe the Ratio A: BC: DSE: FSG: H, ec. 

Then the Ratio A: B AT CT ETG, &.:B+D+ 

F+H To Ec. | 
16. Corel. 


. 
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16. Corol. 3. Since, when any four quantities are analogous 
or proportional, the product of the extreme terms is always equal 
to that of the middle terms (13), therefore any equation may be 
converted into an analogy, by taking the factors which compoſe 
one fide, and making them the two extremes, and the factors 
which compoſe the other fide of the equation, and making them 
the two means. 

Thus: Suppoſe Ax D =B x C; 

Then, the Ratio A: B= C: D, or D: CS B: A. 
The Ratio A: CB: D, or D: B C: A. 
The Ratio B: A= D: C, or C: D A: B. 


Alſo, if it is B= VAC, or B* =AC; then 
The Ratio A: BB: C. 

The Ratio B: AC: B. 

And the Ratio C: B= B: A. 


For the Algorithm of quantity, ſee Sir Iſaac Newton's Arithme- 
tica Univerſalis, s' Graveſande's Algebra, Maclaurin's Algebra, 
and Simpſon's Algebra. And for the doctrine of ratios, ſee 
Book V. of Euclid's Elements, and Saunderſon's Algebra, or the * 


Section II. The Reduction of Equations. 


17. A fimple equation is that which involves either one variable 
quantity, or a ſingle power of one variable quantity combined an 
how with given quantities: As the equations ax —b = c x + &, 
and a y* + bc = 4. And thoſe equations are called compound, 
which involve more than one variable quantity together with 
given quantities; ſuch are theſe equations, x ++y = a, and 
138. An affected equation is that which involves different 
powers of the ſame variable quantity combined any how with given 
quantities, and is denominated according to the higheſt power of 
the variable qauntity. Thus, theſe equations are called quadra- 
fics, viz. 


Caſe I. & TR rg. Caſe I. x* -R rg. Caſe III. 
The 


px —XxX* rg. 
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The following are termed Cubics, viz. 


& n =qx = r, x! =px*' =r, xi N = nr 
px—x* r, tc. &c. 


The following Biquadratics, viz. 
* =px* =qx* =rx=5, „ en, Se. = 
px, &c. - x* , Sc. &c. 
22 5 — 22 power of the eee 
quantity. 


PrRoPOSITION vm. 


An of be tf 4 from one fide 
LAT 


Ex. 1. Suppoſe 4 x =3o +3 x1 then (4 x—3x=) x=30- 
Ex. 2. Suppoſe x gg.; then x ==6b. 
E. 3» Suppoſe 2x+b=a + x; then x = a —6. 


Poros rio IX. 


20. Any ſimple equation, that does not involve fractional 
quantities, be reduced by 
to one fide (19), and then dinding all the terms w_ coefficient 
of the unknown quantity, (Ax. X.) 


Ex. 1. Suppoſe zx +20=44; then 3x =24 (19) and 


«um Trek, 


3 
Ex. 2. Suppoſe a x—b==cx +4; then (a & a—c 
x x ie,) and a" 
4 — e 
Ex. 3. Suppoſe 2 a c + a b—ax=3acÞ+2ax—;ab—dx, 


Ex. 4. Suppoſe 24 * 154 b6— 36 d= 24 — faR + 7b d— 


ac - dx. 


Poros iT ION X. 


21. Any ſimple equation, involving fractional quantities, may 
de e luced, by — Jing all the terms by each denominator ſuc- 
celiv-ly (Ax, IX. 4 » by bringing cach ads of the equation to 

C a complete 


tranſpoſing all the given quantities 
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a compleat fraction, reducing. theſe fractions to a common deno- 
ayiuator, and then caſting off the common denominator, (Ax. IX.) 


Ex. 1. Suppoſe © +4=15; then multiplying all the tecme 


| 5 6— »— g6—— pod 30 

| (19 

. See; 0, therefore ＋ = , and x= 30, as 
8 1 


Ex. 2. Suppoſe —S- =x—#7; then multiplying all the 


terms by 5, we have x + = and therefore all the 


; terms of this equation being multiplied by 3, it is 33 T 5X 
. 15 x — 10ꝶ, or, Jx=105 (19), and therefore x = 5 = 3g | 
(20). Or, 


Since 7 =x— 7, therefore reducing all the terms to a 
zgxIox __ Lee 


common denominator, | 75 — — 5 7 wh * gives Gs 
3 =15, as before. 
Ex. 3- Suppoſe r. 
3 my 
Ex. 4. Suppoſe 56— = = — 
| _—_ 8 
i | Ex. 5. — 22 
. : " 
| Ex.6. Suppeſc 2. 
wn — 5 FL 
1 — . 
uppoſe ————_ IT +550 = 3 * 
ke PROPOSITION 


n * 


Un 


ANALYSIS. 
Proronrtion KI. 


19 


Ex. 1. Suppoſe x* = 144 ; then x=) 144 = 12. 


— yr 1 - £74 U 
Ex. 2. Suppoſe 2 ; —=—— then x* = 36, (21, 19), 
and therefore x = / 36=6. 


Ex. 4. Suppoſe aa + 5c = 4 
Ex 5. Suppoſe ax*—be=cd +dx®. 


Ex. 6. Suppoſe / 4 x + 16 = 12; then by involution 4x +16 


= 144 (8), and therefore x = 32 (19, 21). 


Ex. 8. Suppoſe Ya +x =b + Vo 


Ex. g. Suppoſe x + Va = apa" 
| 0 an* 


Ex. 10. Suppoſe 'V x3 —4 re. 
Poros rion XII. 
23. Compound equations may be reduced by taking vahees of 


the ſame unknown quantity from different equations, and then 
equating theſe values, (Ax. V.) An equation will ariſe inrolv- 


ing only one unknown quantity, ſuppoſing there were equatious 


each unknown quantity. 


Or, 
Compound equations may be reduced by deriving values of the 
ſame unknown quantity from w—_ 1 ſubſiitut - 
| g 


ing 


given for 


6 D W * = 
"SOM 2 73x. DS TH / og Ta noo oo 


— 


| 


— 
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N „„ 
* (Ax. IV.) pe 

l x Fy=s5) , > Shang | 

i ———_ Po * 9 i 


— d 
Thus: = nd therefore x (=5—y = 2 — 
Or, 
* TY. 5 -x 
4 * - = P]. xd 
| Whence x = 3 
2 
Fr. 2. 
| x Fx=8a |S: @ &:'Y © xX=4 —y a —yj=b—z 
Suppoſe 2 —.5 8 x=b—2z ; 
JF PEW) coo ese 
— +6 
Thus : z=— 7 . 
* * 
And therefore y (=a—b+2) — 
— i 
| 5 4a — 0 13 
x (= 4— 502 — — 
2 
Or, — 


& T „. „ 

3 co $=_#— 2x 

z3+Fz=c ‚—— 222 a—x+b—x=0 
W hence 2x=a—c +6, as before. 


; Ex. 3. 
x T T2244. 24 —5— 2 
xa T Fo=b...... . x=d$—y—v 
x T2 + UH * © © © © & @ & 20 2— . 
rr. 
4 | a—Z=b—Vv... . . - . Z=a—b+v 
1 a - y = C - 
| We 4 22 + + Smt gow 


a „ 


| v + a=d—a +b—3v. 


ANALYSIS. * 
3 oy | 
Whence y (=a —c ＋ v) = — — 


a+c+d—2b 


A +S4>ss 92 


2 (S- r) 


3 | 
11 24 
— PLOTENY — * 0 


3 
x 1 T2 24 ® © : X=4—j—Z 
x+z+v=b 


8-——Svard — 8 G — * . . 2 =d4t—h+vo 


a—y+v=c CS SS +0 e 
3+ a+2v—b=d - 


 3v426—e—dmrs « as before, 


—_ NS... _ 


ax+by+cz=m 
Ex. . Suppoſe 9747. 
NE ___Cgxthy+hkz=g. 


| ProzosrT3ON XII. 

24. In the reduction of compound equations, if the antity 
to be exterminated is of different dimenſions in the 1 n 
quations, then, from the cquitiens in which & 5s found, © 


92 
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ne 
1 ＋ — . * 21 
Od 4 


Ex. 2. 


. 24. © „ „ x+ 2 — 6 — 49 
Fx * 


* =3 
= 


2 * — 
* 


29 Fe z 7 "4 
— * 


. = — a 
6. ad — * 1 P & l « : * - _ 7 
> e r 
| | Rt - — „ 
p 3 " 


„„ 
* 


. b 
„ r „ <t...__—__ Oe 
„ e 


r 


PaorouTion XIV. 
25. All compound equations may be reduced by biinging the 
fame unknown quantities, in different equations, to have Ay 
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ſame coeflicients by multiplication or diviſon; and then adding 
and ſubtracting theſe equations. This reduction may alſo _= 
times take place, by only multiplying or dividing ſome of 
9 (Ax. VIE, VII, IX and I.] 


x + z= 
Ex. 1. Suppoſe 1 
Then by Addition, 2x =5+d, and x = — 
— 1 
x +; +2=26 
Ex. 2. . = 4 
* — 2 = 6 


Then by Addition, z3x=36, and x =12 
Whence z= 8, and z= 6. 


4x = — 


6.9 ins 3 FO” 1 


Then by Multiplication, a * b, or x . 


x ＋ y=12 gx +53=60 
N 54 137 50 gx T3750 
Whence by Subrrafion 25 =10; thus: y=5s, and x=7. 


Ex. 5. 


gx+85=1 — beer. Corte 
Then And 

3x—2J= 20 I 5x—I052=100 24x—16x=169 

——_— —— 34y = 272; and by Addition, 2422 


5x — 372 96 
Ex. Suppoſe 
6 rng. 
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ProrerriON XV. 


26. Aﬀected quadratic equations, (18) may be » reduced 
An ſubtract : m_ 
caſe, Bock Gdes of the equations to and from the four of Ef the 
cocfhcient of the term, involving the variable quantity itſelf, * 5 
and then extracting the ſquare root on both ſides. (Ax. 


+ p*+ 

Caſel. * —— 58 5 ary 
V 

Catel. x b N 25 #9. 


8 
Caſe Ul. be 3 2 | 


2 
Ex: 3. x* + 6x=40 „ „ „„ „„ WES 
„ .-.. - -.-. x xx8 
Ex. 3. 20x—x* .. . . . x 12, and8, 


en % t „„ nd 3. 
Ex. 5. Suppoſe x* + K . 

Ex. 6. Suppoſe x* — 4 x = 224. 

Ex. 7. Suppoſe x* + ; x= 39. 

Ex. 8. Suppoſe x + 10x =20. 

Ex. g. Suppoſe x* +6 x=11. 


47 "x. 10. Suppoſe x* ＋ r N 


SCLOLIUN 
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SCcHOLIUM LI. 


27. The third caſe of affected quadratic equations, is ſaid to be 
AMBiGcuous, hecauſe the root (x), admits of two different in- 
ferpretations, viz. one leſs than + p, and the other greater than 
2 P, but leſs than p. From the equation, p x — x* = 9 it is 
evident, that x is leſs than 2; ſuppoſe therefore x = x Þy then 
by ſubſtitution, 4 =rq, and in every other caſe 41%, is 
greater than rq: Hence, then in completing the ſquare, both 
ſides of the equation mult be ſubtracted from 2 p* » wi which ch gives 


i» KTL —79q, and therefore V* p* — —px+x* 


=V4p* — —r4 (Ax. XI.); but the ſquare root of 4 5 _—_ 
+ x*, *, may be 4 4 — x, or, x — 2 (12), and thus: x 1 


5 —rq, according to the propoſi tion. 


28. Since the greateſt magnitude of the quantity p—x x x 
(=p x—Xx*) is 27%, which ariſes by ſuppoſing p — x = x, or, 
* p: Therefore, as px x x may repreſent any product whoſe 
Increaſe is limited, the factors, 22 x, and 2 being 1 7 the 

ſame quantity p, it appears, that the greateſt magnitude 
ſuch product, No be determined, by ſuppoſing the factor: — | 
and ſubſtituting in the product the value of the n ny 
derived from this equation. 


* ScuoLiun II. 


29. Since the exponent of the ſquare is always double that of 
the root (9), any equations falling under the following general 

viz. & =Zpx"=rq and px” -N —r g, 
may be reduced to quadratics by ſubſtitution. Thus: Let 
yx; theny*—=x*" (9); and by Caſe I. and II. (26), 1 in 
the equation x* r =rq, we we have 


— mm —_— _ : == X arg. 
x="vV=zp+v3zp* Tr 1 — 


— in the equation px - rg by Caſe III. (26), we 


. 3 — 2— 41 
TIN . 5 . 


Ex. 1. Suppoſe 27 * — 2 1763 then x =4, and x=V11. 
. 'D 1 
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Ex. 2. Suppoſe & + 4x* = 96; then x = 2. 
E x. 3. Suppo x* — 1c & = 5751. 


Ex. 4. Suppoſe & — 14x*=16. 


©. In reſolving the equations x** N —=rq, and 
—7 reducing them to quadratics, The tol- 
lowing rule, will, in many caſes, be uſeful, 6... 
Let R VS repreſent any quadr:tic 
involving a radical quantity, viz. VS; ſuppoſe 
VR*—S=0Q, and — ny”, then will B 75G or 
VB*—Q = B be the ſquare root of the propoſed binomifal 
R= ys. 


Ex. 1. Required the ſquare root of 27 = Y 704? Here Q, 
BA, and therefore 4 = ii the root required. Vs 


Sn 

Ex. 3. Required the ſquare root of 3 8? 

Ex. 4. Required the ſquare root of 6 = 20? 
ProyosITzoN XVI. 


1. The root or roots of any affected quadratic equatic | 
1 ied by * 4 q equation, may 


Caſe I. & +$px=rg. 


: Thus BN, or AM, will expound x. "a 


ANALYSIS, _ 
Caſe II. * —px=rq. 


Coms rauer ion. | 
This caſe is conſtructed as the former; the value of x being 
MB, or AN. 


Caſe III. px—x* =rg. 


DzTERLMINATION. | 
— 15 (27.) 


consraucrion. 
Draw the right line 
pendicular thereto, and 
| on the ſame fide the two 
$ lines A E, B F, the 
former being equal to 
72 and the latter equal to 
Join the points E, 
and bifeck EF in G; 
from the center G with 


radius G E, deſcribe a * — 2 Fd R 
circle cutting A E again VI N . 
| in ; join the points H, P, 
, and draw G K, parallel * P 0 


to H F, as alſo GL parallel to AE, and meeting AB in L: 
Then, if G L be equal to G E, the right line, A B, will touch 
the circle in L, (16. e. 3.), and A L, or LB, will expound x: 
But if G L be not equal to G E, it muſt be leſs by the determina- 
tion, (and 6. e. 2.), and of conſequence the circle E H F, 


| will interſect the line AB in two points, as M, N; and the lines 
| AN, AM, will be the values of x*. 


V Theſe conſtructions were firſt given by Wi Snellius, and 
the reader may conſult Dr Simſon's Notes upon VI. of Euclid's 
Elements. And for a full illuſtration of all the propoſitions hitherto 

given for the reduction of equations, the reader may have recourſe 
to Sir Iſaac Newton's Arithmetica Univerſalis, Maclaurin's Algebra, 
Saunderſon's Algebra, or the Abridgement of the ſame, Simpſon's 
—_ Simpſon's Select Exerciſes, , Graveſande's Algebra, 


Da PROPOSITION 
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ProPosSITlion XVII. 


32. In the general affected cubic equation, 2 —3qz=2 r, 
or 2* — 34 z — 2 no, where the term involving the indeter- 
minate quantity, E is wanting; the value of z is greater than 
3 
V2r, as alſo greater than / 3 4, and may be expreſſed univer - 
fally in manner following, viz. | f 


2="Vr+vruop r; 
Or, 


——— 


- — — —¾ - 7 


s= "ve + VALE + SS of 


r*—q3. 
| DEMONSTRATION. 
Aſſume two quantities y, v, whereof y is the greater; and 


ſuppoſe theſe quantities to be ſuch, that y + vg 2, and yv =9: 
Then, by ſubſtituting in the propoſed cubic equation, we have 


27 —y* =q", which gives y' =r == Vri —79" (29, 27), 
and of conſequence v*' =r . —q? ; but ſince by ſuppoſi- 
tion, y is greater than v, therefore y* =r + Vri —g), and v3 
=r—Vr* —9*, and hence | 


(z+v=)z= 'Vr + ru. + 93 * 


Or, | 
2 1 r TY} JI. 
| ir | Vr ; Ar Tyr = 


Q. E. D. 


33. Corol. 1. From the expreſſion for 2, it appears, that if 7 
ſhould be leſs than 95, the quantity r* — 25, would be negative, 
(4) and its ſquare root, therefore imaginary, (5): So that in this 
caſe the value of z cannot be direQtly determined by the general 
method of evolution, (11). 


34. Corol. 2. If we change the ſign of the term involving 2 
the equation becomes 2 + 3qz—2r=0; where 2 8 be 
than V2 7, as alſo leſs than 39: Here then, the quantity 39 
having a different ſign ſrom that in the equation of this propoſi- 

tion, 
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tion, therefore in the expreſſion for 2, the ſign of g, and of 
* that of 4, (5), muſt be changed; and hence in 
this Cy 


zZ—= Jr TVI. r. 
wy 2 5 
* —— 2 INE | 

= 'r + 3 bg — —— —_— 

2 112 . —— 


35. Corol. 3. If we change the ſign of (2 7, the abſolute 
term, the equation becomes 392 — 2 r, or zi — 392 ＋ 
2r=0; where if 2 be not equal to V9, it will have Two REAL 
VALUES, one leſs than Vq, and the other greater than /, but 
leſs than V3 9: Comparing this equation with that r-ſolved in 
this propoſition, it appears, that in the general expreſſion for 
z, (32), the ſign of the quantity r, mult be changed, and hence 
x31 Sons 


* 


32 24 V ri—q* + „ 52-2“ 
Or, 
| 7 


2 V -r+ Yr —q + — 
2 17 * 7 ... — 
But in this equation, ſince the quantity 7* is /eſs than the quan · 
tity P, it is evident, that the value of ⁊ cannot be directly de- 
termined by the general method of evolution, (11). 
The general reſolution of this equation, and of that in the firſt 
corollary, (33), will be given hereafter. | 
36. Corol. 4. By ſubſtituting x — p, inſtead of 2 in the equa- 
tion, (32), 2 —=39z—2r=0, there will be produced the 
following cubic equation complete in all its terms, viz. 


x —gpx* 3 —39 xx—27 b$p* —3pg=0, 
And from this general equation, the ſolution of any complete 
cubic equation, may be derived, by comparing the coefficients, 
and taking proper values of p, , and r. | 


ExamyeLes or Cußic EqQuaTIONs. 
(32.) Ex. 1. Suppoſe 2 — 362 291. Here 2 212, r= 
©, and therefore 2 =4 + 3=7. | Ex, 
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Ex. 2. Suppoſe 2 — 12 2 2 16. Here q=4, r=8, and 
a | 
1 —q —=0; whencez =2 Vr =4. 
Ex. 3. Suppoſe z* — 96 z = 576. 
Ex. 4. Suppoſe 2 — 2z= 21. 
(34) Ex 8 2 ＋6 2 . Here q=2, r=10, 
Ex. 6. Suppoſe 2 + 30 2 21. Here 2 = 10, r= _ 
Ind therefore 2 5 —2=35. 
Ex. 7 Suppoſe 2 ＋ 92 2 30. 
Ex. 8. Suppoſe 2 + 24 2 2 88, 7914. | 
(36.) Ex. 9. Suppoſe = — 17 * $54 * 350 | 


Here p= 7 3q=42, 21 =407.92, and the equation for z, 


is 2 — 42 2 = 407.92, where z=9.287401 nearly (32), and 
therefore x ( =z +p)= 14.954067 nearly. 0 


Ex. 10. Suppoſe x* +6 x* — 183 x — 27c4 = ©. Here 
(— p= 2, or), p = — 2,3q=105, 2 7 =2322, and the equation 
for z, is 2* — 195 z = 2322, where Z=—18, and therefore 
x (=z+p)=16. 


Ex. 11. Suppoſe x* + I; x* + 84x— 100=0. Here p=—g5;, 
39=—9, 27 =27c, and the equation for 2, is z* + gz=270, 
where (34), z 6, and therefore x (z +#)=1. 


Ex. 12. Suppoſe x — 12 x* ＋ 40x — fz . 
Es. 13. Suppoſe x? ＋ 74 x* +8729 x — 560783 = 0. 


PrRoPposITION XVIII. 


37. Adwitting affirmative ard negative quantities, the three 
reots belonging to thoſe caſes of affected cubic equations, which could 
not 


— 5 — 
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not be reſolved by the laſt propoſition, may be determined 
means of » circle from the fallowing * 


Coxs TAUcriox. 


| General £22 x? == ] ire 


Equation: Cant: pez 


With a radius A O equal to 2 J, deſcribe the circle AEB E, 
and draw the perpendicular diameters A B, E F; parallel to AB, 
and at the diſtance of p therefrom, draw C D above or below 
AB, according as the ſign of the ſecond term of equation is affir- 
ccc 


— therefrom draw 2 G above or below AB, according as the | 
7 


ſign of the abſolute term is affirmative or negative ; take the arch 
BP equal to one third of the arch BG, and from the point P 
divide the periphery of the circle into three equ al parts PL, LK, 
and K P; from the points of divifion P, L, K, draw to CD the. 
perpendicular lines P H, LM, KN, and theſe will be the three 
roors of the equation 3 the affirmative roots falling above, and the 
negative roots below C D. 


38. Corol. 1. If p =o, then C D coinciles with A'B; ond 
1 2220 „ 


= 
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39. Corol 2. When 4 is greater than 2 /, the con- 


ſtruction fails. , 

Ex. 1. & —12x* ＋ 41 x—42=0. 
Here p = 4, 7 = 1, and r= ; whence 204 =3.054 = 3 near- 
ly, 21.571 =2 + nearly; and therefore LM =2,PH=3, 
and NE = 9. 


Ex. 2. 2 +9gx* —22x—120=0. 


 Herep=3, 22 and r o; whence 2 4 34: =8.e 


V3 
nearly; and ſince, in this example, Z G coincides with AB 
(38), therefore LM=4, BH=—3, es 


Ex. 3. x — 17 x* ＋ 82 —120=9. 


Here p = —=s- - 72 2 V 9 4. 4 nearly, and ＋ 
= 4 nearly; whence K NS z, PH g 4, and LM=10. 


Ex. 4. 2 — 13 x T 12=0. 


Here p= 0, 22 27 q=4-2 nearly, and ＋ = 2.8 


nearly; thus, in this example, CD coincides with A B, and 
PH=1, LM=3, and NK=—4. 


Ex. 5. = od me 
4 4 
Here p o, q= — 2V q=1.6 nearly, == 2 1.3 


nearly; thus, wt et. CD alu wt AB, and 


1 LM=1, and NK =— 14. 


PpoPO$sITION XIX. 


40. If one ſide of an equation is a fraction involving coxs Ax r 
quantities only, and the other fide a fraction involving ONE va- 
R1ABLE quantity in each of its terms, the ſeveral values of theſe 
variable quantities will be determined by taking ail pef! le 
equimultiples of the correſpondent terms of the 1 — 

et 
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Let mx y repreſeat any equation involving two variable 

quantities; then, ſince == (Ax. W 
3 


2m Z 4m 


is obvious, that, if 


Se. = —=—=—, Cc. (6), it 
Zn Im . 2 m 


X=N 21, 3 u, 4, Oc. n, Fn, In, "TY 
then y = m, 2m, 3m, 4m, &c. In, In, zn, Sc. 
(Ax. X.) Q. E. D. 


41. Corol. 1. When an equation involres two variable quanti- 
ties, it is ſaid to be n becauſe each of the 
variable quantities may be interpreted by ſeveral different num · 
bers, and ſometimes by the ſame numbers. 


42. Corol. 2. From this propoſition, it appears, that in the 
equation mx n, if x can be interpreted by n or any multiple 
of n, then may y be interpreted by mz or an — 2 of m. 
That is, in an indeterminate equation, involving two variable 
GI; x, y, the values of x go on by n, the coefficient of y, 

28 m, the cocthcient of x: And therefore, having 
—— _— x, 5, the other values will be deter- 
mined by a conſtant addition or ſubtraction of the coefficients of 
3, x, or of equimultiples of theſe quantities. 


43. Corol. 3. Let A, B, C, repreſent three conſtant 
ties; then, if Ax+By=C, it is evident, that, if x - m_ 
7 muſt decreaſe, and vice verſa: But, if Ax — B/) C, the two 
variable quantities, x, y, muſt either, both together, encreaſe, os 
both together decreaſe. 


44- Corol. 4. From the equation Ax=By=C, we have 


„. r (Ax. X.) And therefore, if 


by actual diviſion, either of theſe quantities be reduced to more 


ſimple terms, how. by ſubſtituting for the fractional part of the 


quotient, a new equation will be obtained more ſimple than the 
eriginal one. 


ExAMPLES OF INDETERMINATE EQUATIONS. 
Ex. 1. Suppoſe g x — 7 y=6. 
Here then we have —.— =", and therefore, by this propoſi 


; RY 1 
tion (40. F. = If 
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If 3x—2=7, 14, 21, 28, &c. 

Then J=3, 6, 9, 12, Sc. 

Whence, ſuppoſing x, y, to be whole numbers 
3 FS 

3 

Thus Corol. 2. (42.) and Corol. 3. (43.) 

* = 3z 10, 17, 24, 31, 38, &c. (Difference 7.) 

y = 3» 12, 21, 30, 39, 48, &c. (Do. 9.) 


Ex. 2. Suppoſe 5 x + 9 y = 200. 


Here we have — um? and therefore, 
If 40 — 9, 18, 27, 36, 
Then y=5, 10, 15, 20. 


Whence, ſince the firſt ſeries the 
Xz Jy Ss Le 22 
”— = 308 
JEESIIES þ 
Thus: x = 31, 22, 13, 4 (Difference 9.) 
J= 5, 10, 15, 20, (Do. 5.) 
: Ex. 3. Suppoſe 2 x — y = 100. 


— 9 A . - «. 51, $2, 535 Cc. 
Then 100 +y=2 .... + 102, 104, 106, &c. 
nn 51 z Then g | 


ico + 5 = 102 (y= 2- 


Thus: x= 51, 52, 53, 54, 55» ©c- (Diff. 1.) 
J= 2z 4, 6, 8, 10, Cc. (Do. 2.) 


Wr 3 . 


Wer . 
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Or, by Corol. 4. (44.) 
Since 2 x — y = 100, Dm x= 5goÞxy; let v1 


er 2v =; then, ſince -=h> therefore, 


v = t, 2, 3, 4, 5» 6, Oc. (Diff. 1) 
= 2, 4, 6, 8, 10, 12, Cc. (Do. 2.) 
(50 Þ33=)}x=5H, 5 $3» 54» 55» 56, Cc. (Do. 1.) 


Ex. 4. Suppoſe 14 x —19y=11. 
14x — 11 1 
> : = . and therefore, 


If 14 x— 11=219, 38, 57, 4 95, 114, 133, 152, 171, Ge. 
Then y= I, 2, 3, 4, 5, 6, 7, 8, 9, Oce 
Whence, ſuppoſing x, y, to be whole numbers, 
— ooo Then x=13 
1 9 3 
Thus: x=13, 32, 51, 70. 89, Sc. (Diff. 19.) 
V= 91 23, 37, 51, 65, Cc. (Do. 14.) 


Or, by Corol. 4. (44. 
. 199 +11 
Since 14 x=19y +11, therefore, x = — 2 


2 ; let _ 2.” 6 = 2 x —1 


14 14 | 2 
42 1 2 45 FO —— $38 * z ＋· 
5 5 4 4 


EPs. 8 241 4 3 


Here, we have 


227 


let w= 
fore, 


If w= 1 39, "4 2 
w 't Then J * And v (=z +w)=4- 
z+i=4) -. 188 


I 
1 24 ＋ 1 4 


Whence, y (= 2 x v—1 +2) Sg, and K (y +»v)=13. 
And thus, the firſt values of x, J, may be brought to the malt 
ſimple determination poſſible. 


E 2 W 12 


* 
* 
1 
” 
1 
4 
Cn 
: 7 
= bk. 
15 
. 4% 
s 
19 . 
4 7 
* 


3 
3 
* by 
> 
AJ 
-» 
= 
**Y 
1 
K 
1 


numbers; wherefore, ſuppoſe 
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Ex. 5. Suppoſe 21 x +5 y = 800, 


Ex. 6. Suppoſe 8 y — 3 x=16. 4 
Ex. 7. Suppoſe 24 — 13 16. Gi 


45. Corol. 5. By this propoſition, we can determine the leaſt 
whole numbers, that, divided by given numbers, ſhall have given 
remainders. Thus. Suppoſe we were to ſind the leaſt whole 


number, that, divided by 3, 7, there ſhall remain 1, 3; let N 


N— i N—; 


— ada abt ah Are whole 


No 


: =P, then N=13 P+1, 


P22 


Whence, N=10 the leaſt whole number required. And by 
continuing the ſeries for Q + 2, R, the other values of N may 


be obtained. 
Since P>2Q + G2». let — 2 =1, or Q =1, then 
3 3 
Q + 
P= 3, and N10, as before. And, by ſuppoſing — = 


3 


2, 3, 4» Sc. the next greater values of N will be determined a8 


wy 


Again, Suppoſe we were to find the leaſt whole number, that, 
 Givided by 28, 19, ſhall give 10, 12, for remainders. Let N re- 


N — 10 — 8 


numbers 


preſent the number required, then 


28 19 


wen — 


8 2 — 


n 


N— 12 


228 PT 10, and therefore 


= 430, the leaſt number required; nd by mhing Q+2 


9 
greater values of N will be obtained; or, | 


46. The ſis given in this Corollary, may be extended to 
any number of 5 viſors and remainders. 


Ex. 1. To find a whole number, which, being divided by 3, 5, 
7, 27 there ſhall remain 2, 4, 6, o, reſpectively. 


Let N repreſent the number required; then by arr. 


N—2 N—4 woos. 1 3 k hers. WI 


1 „ 2 
fore, ſuppoſe = r then N=3P+2, and a 


Wong. as. $P—aPp2a_, P+:x 
5 = 3 5 
P+1 
Suppoſe nor =Q; „ I, and there» 
5 


Suppoſe — = 8; then N= 105S—1, and therefore 


8—1 


So; then S=1, and N= 104, the leaf whole 
number 


nr 


— 
+4 wn ** 


n 


— — w a 


next ſucceeding values of N will be determined. 


+ A | "7 A * F 1 12 - 2 
* 4 * * 1 © : 4 * be 
Bog 2D + fy a 0-4 — x WE. 6 
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number required : And, by ſuppoſing Sasse the 


Ex. 2. To find a whole number, that, being divided by 16, 17, F 
18, 19, 20, there ſhall remain 6, 7, 8, 9, 10, reſpectively. 


Let N repreſent the number required ; then by ſuppoſition, 
N—6 N—7 N—8 N—9 N— 10 


oe wo ena Moo wot ries and — — are whole num · 
16 17 18 19 20 


Suppoſe r then N=16P +6, and therefore, 


N—7 _ 16P—1 _ 17 P—P +1 r Pr 
. 


= R; then N= 2448 R — 10, 2 there · 


88 —— — 128 R—3iS+ 16x R 


. 364 9 19 
Suppoſe - then W S— 10, and therefore, 
19 
— 465128 — 20 . 8 
20 20 9 
1 — = I; then N = 232550, the leaſt whole number requir- 
"Tax 


$--- 
ed: And, by ſuppoſing - = 2, 3, 4, Ge. the next ſucceeding 
„ 


* See Dodſon's Repoſitory, v. 1. Simpſon's Algebra and Select | 
Rxerciſes; as alſo Emerſon's Algebra. | 
47. Corol. 
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47. Corol. 6. Any equation, involving two diffeaent powers 

of the ſame variable quantity, may be reduced by ſubſtitution to 

the form of an indeterminate equation, involving two variable 

' quantities: And, hence the reſolution of all commenſurate quadra- 

tic equations, as alſo of all commenſurate cubic equations, wanting 
one term, biquadratic equations wanting two terms, &c. 


ExAMLES or Qu ADRATIC Eau ar ions, (26, 27) 


Table of Square Numbers. 


1 — n * 4 — 8 — — 


Root I, 2, 3, 4, 5. 6, 7 8, 95 | Oy 11, 12. 


Square 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144. 
5 3 * 
Ex. 1. x* 6 40. Here = = 
1 : 
40 — * , 12, 18, 24) 40 — 24 = 16 
| Xi, %  Þ:4 3 28 4- 
F 
Ex. 2. 2 ＋3 x 88. Here — . 
x I- 
$88 — x* = 3, 6, 9, 12, I5, 18, 21, 2 — 24=64 5 
* =1, 2, 3, 4» 5» 6, 7, 8 x= 8. 
Fx. 3. x* — X 223. Here - worth Db LOR, 
— Þſ L 
X* — 224=+, I,.15, 2, 7 21 ＋ 22x =25 
* = I, 2, 3, 4, 5 — 
Ex. 4. 5x—x* =6. Here - . 5 
| * I 
2 | & +6=5, 10 5 10—6=4C( 15 ) 15 — 62 
| Kn 23 x=2C 2 * 23. 


Ex. 5. 


„ wer 
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Ex. f. & + 4x* 6. Let v, then v +4 v=96(a7), 


4 


and — . 
1 


96 — v =4, 8, 12, 16, 20, 24, 28, = 96 — 32=64 
v =1, 2, 3, 4, 5, 6, 7, 8 v= 9. 
And x =Vv=2. | 


ExaneLes or Dericient Cuntc EqQUaTi0Ns. 
(32, 33, 34, 35.) 


Table of Cube Numbers. 
Root , 2, 3, 4, % 6, 7, 8, , 10, 1, 12. 
Cube 1, 8, 27, 64, 125, 216, 343, 512, 729, 1000, 1331, 1728. 


* * 


3 
Ex. 1. z* —>6z= 40. Here a X. 
2 1 


2 — 40 , 12, 18, 7 24 + 40 264 
Z=1, 2, 3, 4 2= 4. 


—2 
Ex. 2. 2 + 84 z 400. Here . e 
8 I 


140 2 =84, 168, 252, 3369 400—336=64 
z = 1, 2, Js 4 22 4. 


Ex. 3. 


n 


PPP * hn n 
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J2—2=_ 12 


, — 


Ex. z. 2 ＋ 1 = 32. Here 


— — —ů—ů— 


* x 
32— 2 =12, 24) 32—24=8 
1 


FISK 


(33-) Ex. 4. z* —72z==6. Here 8 2 
; 1 2 1 
22 — 6227, 14, 1 21＋76 227 4 
Z=1, 2, 3) T= 
| JE | 
(33-) Ex. 5. 2 —132z=12. be => 
Bf a n 


23 —12=13, 26, 39, * 52 11226 


2= 1, 2, 3z 4. 3 == 4+ 
3 $20 21 
(35.) Ex. 6. 212 — z 20. Here — == 
"M 5 i 5 5 
2² 1 21 — 2021 * 63, 1 84 — 202864 
28 2 21 („% % 43 1 . 
(35. Ex. 7. 39 z—2*=70. Here : =P = 2 
2* <Þ 50= 39, 78 e 156, 195 —— 
— — I, 2 Z I=2 37 45 5 | Z= 5 
(35.) Ex. 8. 22 — 21 21. Here © FI = - 
2 
9 3 12 4—43=4 
221 221 (1 2 21. 
| | 3 
Ex. 9g. 9x*—x* —=100. H —_— — x Or, 
x* 


* n 4, 9, 16, e "= 
190 + x*=9, 36, 81, 144, 2:5 J2-5—1c—12 5 xt, 
BS 4nus 
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_ we ſee in how very eaſy a manner theſe cubic equations 
y be reſolved, _ ne, found could not be reduced 
the eral _— evolution, (33, 35) And, we proceed 
by the Tine manmes reſolving deficient equations of all — 
48. Corol. When an equation is propoſed, involving more 
than two varia le quantities, or more than two different powers 
of the ſame variable quantity; by ſubſtituting for the ſum, dif- 
ference, product, dang wage. Gc. of two or more of theſe quanti- 
ties, the equation may be transformed into another, involving onfy 
two variable quantities, or two different powers of the ſame 
variable — 


FxaMPLE. 


Suppoſe 6 x + 75 +8 z=100; to find all the values of x, 
, 2, in whole numbers. 


Let (6x +82=) 2x 3x +42=2v; then 2v +75=5100, 
and . 2 7 
” 9 
| 1 v 13, 36, 29, 22, 15. (Dif. 7.) 


52 2 ym 2, 4, 6, 8, 10. (Do. 2.) 


"ST 
Taking v 433 we have 3x + 42243, of ———= 2, 


4342 3 
and hence, | 
43 —42=43) 2=10, 7. 4s 1. (Do. 4) 
Thus: when y = 2 
K 21, 55 Oz 13 
Z = IC, 72 45 1. 


Taking v=36 SS 4 3K ＋ 422236 © © 0 0 JX=9g—Z 


8 4 
han, CRT 
= x=4, 8. (Dif. 4.) 
9—2=3J 2=6. 3. * 
Thus: when 524 
| XxX =4&, 8 
Z=0, 3. 


x & > ® * 


3 * 1 Re 


Taking | 


* r ©, Re pw; 
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Taking v=29 2 32742229 262 © » OS... FOIL Gln 


29-42 3 
X=1, 2, ? X=3Þ 7. (Dif. 4.) 
29 — 4223, G9) 2=5, 2. (Do. 3.) 

Thus: when y=6 


& = Js 7 
E 25, 2. 
* 2 


Taking v 22. 3x T4222 — 


| 11—22 3 
21 222) x=2, 6 (Dif. 4.) 
„ 2 24, 1 (Do. z.) 
Thus: when y=8 

x#=2, 6 

2 = 4, 1. 


Taking v=15 .., 3x 14222 11 


a” 122 
2 23 223. 


Thus: when = 10 
2 1 
z= 3 
And ths gr al the whole numbers an which, 5, ca 
be expounded *. 


5g —x 
þ 4 


| Sgcriox III. Or tus CompeosrTion AND Rx sor u Tiox 


OF QUANTITY. 


ProrogrTIONn II. 


49. The root of any cubic binomial, involving — 
ſurd quantity, may = determined by the reſolution of a cox - 


MENSURATE 2 wanting the ſccond term. 


| MATHEMATICAL 


Let R=+ VS repreſent any cubic binom! al, involving the ra- 


qical quantity VS; ſuppoſe R Q and let 2 B be the 
value of z in this c:mmcenſarats cul cubic equation, z* —3Qz= 


2 R (47); - then will B = y/B*—Q. be the cube root of the Pro» 
poſed binomial R == 8. 


Ex... guppoſe R = 20, and 8 = 3923 then Q= 2, and the 
ec uation 2 —6 = == 4©, gives 2 B=4 (47} whence B = 


1B -QO=z2=y:. 


Ex. 2 Suppoſe R 25, and S=9g68; then Q=— 7, and 
t e equatien 23 ＋ 21z= 50, gives 2 B=2z (47), whence, 


BTF Q=1i=yv8. 

Ae. 3. Suppoſe R=18, an l S= 3253. then Q=— 2, and | 
the equition 2 + 12 z = 288, gives 2B = 6 (47), whence 
B 20 S 31. 


4. Suppoſe R =19, and S=1c8; then Q=—2, and 
ie —— 2 + 62==20, gives 2 B=2 (47), whence, 


B=vyB—Q=:1=vV3. 

Ex. . Suppoſe R=135, and e then Q.==— 3, 
and the equation, z* +9 z=270, gives 2B=6(47), whence 
B=yB—Q=3=yv12. 


£x. 6. Suppoſe R = 68, and 8 24374; then Q=5 V 2, and 


the equation, 2 — 15 V2s2 == 136; by ſuppoling v =2z « V2, | 
becomes v3 — 30 n, which gives v=0 (47); and there- 


= 
V2 


fore, B=y/B* —Q = — 


27 * | 
the e equation, 6 gives 2B=3(47), whence B= 


| VB —Q= 122 74. | 
Ex. 8. Suppoſe R —— 16, and S=— 243; then Q=5, 
and the equaticn, 212 —27" = 20, gives 2 B=1, as alſo 2B=4 
(47) ; whence, taking 2B=1, we have B VB —Q=3= 
- 24 — 3, where 4 147 3z is the root of — 10 — 0 — 243, | 


2 
4 
2 
E 5 
4 
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and +— + V— 3, that of — 10 + Y — 243; andtaking 2B, 
we have B=yB*' —Q=2=Y—3. 


ScaoLIUM. 


50. As, by this propoſition, the root of any cubic binomial, 
may be determined; ſo thereby are we enabled to bring to a direct 
ſolution, all affected cubic equations whatſoever; (32; 33, 34» 35» 
36.) Let 21 —39z— 2 7=0, repreſent any cubic e- 
quation wanting the ſecond term, and let m == V a repreſent the 


cube root of the binomial r== rf ; then, fince z=2 m 
(32), or 2 — 2 m=0, if ve divide 2 —392—2r by z—2m, 
we ſhall obtain this quadratic equation z* + 2m 2 + 4m* *—$7 


=0, which being reduced, 26), x = —m=/ 3q—3n 
admitting affirmative and 9 But 2 


m+Vnxm—Vn=) m*—n=9 (32) and therefore, by 


ſubſtitution, 2 =—m== z. Thus: admitting affirmative 


and negative quantities ; in the cubic equation, 2371 
So, we have 
1. 22 2m 


2. 2z=—n+Y/—3n 


3. 22 — n — -zu. 
And therefore, in the general complete cubic equation (36), 


Xx —3Jpx* Þ3p* —3qxx—2r +#*—329=0; ſince x 
2 +2, therefore, 


1. 2 T2 


2. x=p—m+Y—3:n 


3. 1 
51. In the application of this general equation to practiſe, the 


following obſervations may be attended to, . 2 That the third 


and fourth terms may be repreſented either as affirmative or ne- 


gative, (37), by properly atranging theſe terms, 2. That, if 
— then 
1. hs 2m 


2. x (=2) =—m + V—3 n 
3. x (=2) ==m=V=—37 


(3-) That 
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(s-) That, if e then m=y/ n, (33); whence, 


3. 3822 2m(=V2r) 


2. Z 2— 2 1 —3 3 
3: 2 - 0 =. 


W — 1. x=p +2m 
2. x=þ—m + z 
| 3 1 2 - — 7 —;m . | 
(4) That, if So, then m o, and g = -n; whence, 
1. z 20 | 
2. 23= 7537 
| 3. 22 — 32. 
And therefore, 1. x=p 
| 2. 2 +V39q 
3 3.3 
Ex. 1. & — iz +41 4 
Here p =4, 922375 — and == Di; DH; 
whence m = V— 35 (49), and therefore, | 
1. x (=p +F2m=4+3)=7 
2. x (=p—m+V—zn=+ +2) =3 
3. x (=p—m—V/—z3n=z—z =2. 
Ex. 2. & + 15 x* + 84x— 10020, 
Here p =— 5, qz—3 "== 135s tv 7 —gq = 135 
== / 18252; whence, m== V =3=V12(49), and thertloce, 
I. n =—; +6=1 
2. x (=p—m+V—3a)=—8+Y/—36 
3. x (=p—m—V—3") * 
Ex. 3. x* e 


Here p=— 3, 72 * and r =0; whence, 
1. x (=p) =—3 | . 
. x (=þ +V39) —3 474, 
3. x(=p— V39) =— 10 


Ex; ”— 


* r 
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Ex. 4. **—g * F27Tz—35=0. 
Here p = 3, g e, F=4; whence, 2m= V2r=2, and 
therefore, 1. x (Sp +2m) =; 33 | 
2. x(=p—m+yY—3;zn=2+vV/—; 
3. z{(=p—m—/—zn)=2=- V—3- 
Ex. F. & —6x* —g*x + 54=0. 


ll -2% 0025, rep—wh re EE eee 
V— 243; whence, m Vn =I V— 3, 28 alſo mV 
=2=V/— yz (49), and therefore, taking the firſt value of 


m Nn | 


1. x (=p + 2m)==3 
2. x (S=þ—m+Y—3n)=6 
3. x (=p—m—V/—gn) =—3 
Or, taking the ſecond value of m==Vn 
1. x (=p + 2m)=6 


2. x (=þ—m+V—zn)=3 
3. x (Sp—m—V—3n)==—z. 


Prove rx XX1. 


$2- Admitting affirmative and negative quantities; and ſup- 
poling affected equations of all degrees to be produced by a mul- 
tiplication of binomial factors. Every affected equation will have 
as many roots as there are units in theexponent of the higheſt power 
of the variable quantity; and, if the terms of the equation are al- 
ternately affirmative and negative, the roots will be all affirma · 
tive; but, if the terms are all affirmative, the roots will be all ne- 
gative: Moreover, the coefficient of the ſecond term, will be the 
tum of all the roots with their ſigns changed; the coefficient of the 
third term, the ſum of all the products that can be formed, by 
taking the roots two and two under their proper ſigns ; the co- 
eſſicĩent of the fourth term, the ſum of all the products that can 
be formed by taking the roots three and three with their figns 
changed; and ſo on, the roots in all odd places, preſerving their 
figns, and in all even places, changing their ſigns. And as to 
the laſt term, it is always the product of all the rogts. 


This 
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Ur Habe c which is proved by induction, was firſt given 
Mr Harriot, the great improver of os nds the 24. wm 


nt any veciahle and let a, 6, e, d, e. 
Sc. 1 3 conſtant 8 then we ſuppoſe, chat 
x can be interpreted by any of theſe conſtant quantities, the pro · 


duct x — a xx—b K- x x—d x x—te, c. 144 
dently vaniſh, or be equal to nothing: And, hence may be 


rived affected equations of all degrees. 


Þ | | Thus: Suppoſe x —@ x x—b =0. 
Then x* — 4 
— 5 


— — 2 


5 . ©, a quadratic equation. 


Alſo, Suppoing & "Fn me 
| 


—abc 
2. + abcd=a 
—bcd 4 | 


C | And ſo on, for equations of higher degrees. 

| Here the ſeveral particulars mentioned in this propoſition, appear. 

| by inſpeCtion : And the ſame will be evident, ſuppoſing the ligns 
the quantities, a, ö, c, d, &c. in the binomial _ tobe | 

anyhow changed. | 


83. Corol. 1. Since the coefficient of the ſecond term of every 
affected equation, is the ſum of all the roots with their ſigns 
aged; 

* See Harrior 5 Praxis Artis Analytic, p by Mr Walter 


Warner, an. 163 1; as alſo Dr Wallis's Algebra, Sir Ilaac Newtou's 
Arithmetica Univerſalis, and Maclaorig's Algebra. 
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changed; therefore, in an affected equation, if the ſum of all 
the affirmative roots taken together, be equal to the ſum of all the 
negative roots taken _ the ſecond term will vaniſh. And 
conſequently, in an ed equation, wanting the ſecond term, the 
ſum of all the afirmative roots taken together, muſt be equal to 
that of all the negative roots taken together. 


54. Corol. 2. In every affected equation, the coefficients of 
— third, fourth, fifth, Cc. derm, are always Divisors of the 
term. 


55. Corol. 6, Since, in every affected equation, the laſt term 


js the product of all the roots ; it is theretore evident, _-— | 


commenſurate affected equation, will have its roots among the 
divifors, imple and compound, of the laft term. 


56. Corol. 4. Since unity is the leaſt fimple diviſor of any 
quantity, — if we divide any quantity by its leaſt diviſor, 
greater than unit, the t by its leaſt diviſor, greater than 
unit, and continue this proceſs until there be no remainder ; it is 
evident, if we adjoin unity to theſe diviſors, we ſhall have all the 


ſimple diviſors of the quantity propoſed : And as for the com- 


pound diviſors, __ g more than the products of 


The Gmple divifors two and two, three and three, four and 
four, GC. 


57. Corol. 5. If therefore, we reſolve the laſt term of any 
commenſurate affected equation, into all its diviſors, fimple and 
compound; we ſhall obtain the roots of this equation, ſuppoſing 


all the terms brought to one ſide, by obſerving what diviſors, taken 


affirmatively or negatively, and ſubſtituted inſtead of he variable 
quantity, make all the terms to vaniſh. 

Ex. 1. * —2x* 4 + 6=0, 

Diriſors, by 25 35 6. Roots, I, — 2, 3. | Nel 


Ex. 2. x* —2 x* —33 x +90=0, 


Diviſors, I, 25 37 35 55 6, 9, 10, 155 18, 307 45 90. Ty 
Roots, 35 —8 6. 


Ex. z. x$*—4x*' —19 x* ＋ 16 — 120==0, 
Diviſors, 1, 2, 2, 2, J» 43 5» 6, 8, 10, 12, 15, 20, 24, 30, 
40, 60, 120. Roots, 2, 3, 4.— 5+ 


58 Corol. 6. In any complete ffected equation, involving 
both affirmative and negative roots, which may be known by the 
8 


bgos 


_——_— —— qo cs 2 rr 


— 


F . 0 


WY 


- — 


. 


2 
— 1 1 
— 


” . — —̃ ww - — <<< r— — — — 
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ſigns of the terms; (ſuppoſing none of the roots to be imaginary 
or impoſſible quantities) ; the affirmative roots may be — 


negative, and the negative roots affirmative, changing the 
ſigns of the alternate terms of the equation. * 

Ex. 1. In the equation, x - 2 & — 5x +6=0o, the roots 
are, 1, — 2, 3; and, in the equation, x* + 2x* — 5 x —6=0, 
the roots are. — 1, 2, — 3 (57). 


Ex. 2. In the equation, & — 2 — 33 x ＋ 90 g, the 
roots are, 3, — 5, 6; and, in the equation, & ＋ 2K — 33 XK 
— 90 2, the roots are, — 3, 5, — 6 (57). 


Ex. 3. In the equation, * —q x*— 19 x* + 160 x — 120 =0, 
the roots are, 2, 3, 4, — 5; and, in the equation, x* +4x*— | 
I9 * — 160 Xx — 120=0, the roots are, —2, — 3, — 4, 5 (57. 


Ex 4. In the equation, x* +12 x* +41x +42=0o, the 
roots are, — 2, — J, — 7; and, in the equation, x — 12 x* 
+41 x—42 , the roots are, 2, 3, 7 (57-) 


59. Corol. 7. In every complete affected equation, free from 
fractions, radical quantities, and imaginary roots, there are 
ſo many affirmative roots, as there are changes of the ſigns in a 
continual ſeries, from + to —, and from — to +; and for 
2 ſucceſſion of the fame ſigns, there are negative roots, (57, 
58. e 


60. Corol. 8. When there are any terms wanting in affected 


r 


equations, we may ſupply the deficient places with cyphers *. 


PeoyosITION XXII. 

G1. The root (x) of any equation whatſoever, may be increaſed 
and diminiſhed, multiplied and divided, by any given quantity, 
(a), taken at pleaſure. | 

In any equation, involving a variable quantity x, if we ſup- 
poſe »=y + 4, or, y=x— 4, and ſubſtitute, it is evident, 


that a new equation will be produced, involving the variable quan- 
tity y, which exceeds the variable quantity x, by the given quan- 


tity @ (3): And, in like manner, by ſuppoſing y =x - a, or, | 
Xx +a, and ſubſtituting, we ſhall have a new * in- 
vol ving 


* For a full illuſtration of this propoſition, and its corollaries, ſee 
Sir Iſaac Newton's Arithmetica Univerſalis, with Dr Wilder's An- 
notations; as alſo Maclaurin's Algebra, and Saunderſon's Algebra. 
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r which falls ſhort of the variable 
quantity x, by the 2 quantity @ (4). Alſo, if we ſuppoſe 


y ax, or, x= ”, and ſubſtitute, a new equation will be pro- 
duced, involving the variable quantity 5 a multiple of the va- 


riable quantity x, A 1 a: And, in like manner, 


by ſuppoling y = = (= 8 x x), of, & , and ſubſtituting, 
we ſhall have a new equation, involving the variable quantity y, 
a multiple of the variable quantity x, by the given quantity - (5:) 


Let x! —p x* +$qgr—r=0 repreſent a 29 * 
cubic equation. 


Suppoſe (x + a=y, or,) x=y — a, 


| (A) 1 —38a a + 3 4* — 4 
e % e. 


| C. 
* 1 
* 
Suppoſe (x —a=y, or,) x=y + a, 
(B) 2 3 + 2 
— o — 29 y a e TOI 
+ 7 +a] 
— F F 


(C) ann f- e 
| Suppoſe 62 Je X Xx, or), Say, 
4 s * 


| a1 5 —4 2p +aqgy—7=6 


(D) y*'— Py + 2 7 — =. TOE 
G 2 62. Corol, 


—mj— 72 x — . 2 — i c-— — 
—_— _ 1 0 4 « 


negative (61.) 
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62. Coral. 1. By inereaſing and diminiſhing the root (x), of 
any affected equation, by a proper quantity (a), we may exter- 
minate any of the intermediate terms of the equation. Thus : 
in the equation, (A), ſuppoſe — 34 — po, or, a=—7fz | 
and the ſecond term will diſappear; and, in the equation (B], 
ſuppoling 3 a — pr, or, 4 p, the ſecond term vaniſhes al- 
ſo in this caſe. Thus: alſo, by fuppofing the coefficient of the 
third term equal to nothing, and refolving the quadratic equa- 
tion involving a, we may exterminate the third term. In ge- 
neral, by increaſing and diminiſhing the root of any affected e- 
yy 2 proper quantity (a); it will appear, that the ſe- 
cond, third, fourth, fifth, &c. terms, may be exterminated by 
the reſolution of a fimple, an affected quadratic, affected cubic, at- 
fected biquadratic, &c. equation. 


63. Corol. 2. From the laſt corollary, we have this general 
rule far exterminating the ſecond term of any affected equation, 
viz. Divide the coefficient of the fecond term, by the exponent 
of the power of the equation, and increaſe or diminiſh the root, 
by this quotient, according as the ſecond term is affirmative or 


That is, in the equation * PA = &c, Suppole 


| m 


Ex. 1. & —ÞX—q=0 


Suppoſe y + 4p =x | 


* p35 7 


1 fg of" 


Thus: /g © 65 and x ( +5) =ip+v3p* +2 1 
as before, (26.) 
Ex. 2. & — 35%¶ K — 39 K— 27) 
+32 x—#'%> =o. 
+ 3/9 
vuppoſe y +p=x, then y'—393y—2r=0. 


64. Corol, 
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64. Corol. 3. From the equations Ca nd D, of this propobition, 
it appears, that to multiply or divide thc: root (x), of any affected 
equation, by a given quantity a, we hae only to range the terms, 
ſupplying deficient places wih cypherei, and then « ultiplying or 
dividing the terms of the equation, by the terms of the progreſ- 
| hon, 1, a, a*, a, a, a*, Sc. 


Ex. i. Suppoſe we were to multiply the roots of this equa» 
tion by 2, viz. x* +4x*—19x*-—106x — 120=0, 


& + 4x* —19x5* — 106 x — 120 20 


1 1 4 8 16 
„* +835) — 267 7. 1920 
Where y = 2 x. | 


Ex. 2. Let the roots of this equation, x*—zx+1=0, be 
multiplied by 3. | 
x? ..,0x* .,..—zx +1=0 
„„ . 


en 


* — 27 y + 27 = ©, Where = 3K. 


Fx. 3. Let the roots of this equation x* +243* 2 +84b 
x — 4 x Y&—24*b*=0O be divided by V2- 


x* ＋ 2a & V2 ++8abx* -A xV8—20*6* =s 


2 r V8 4 
* +2az? +4aby* —@*y ” - 
Where y= —. 
9c 
Ex. 4. Let the roots of this equation x* — 84 x ＋ 160 = og 


be divided by 2. 


x? 2 © „% „ © x* 1 - — $4 x + 160 = o 
1 - 3 8 


— 


—— 


292—ẽł—— ——_—— 


„ — 21% T z g, Where y= =. 
> 


65. Coral. 
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65. Corol 4. By this propoſition, and the laſt corollary, we 
may change the root x of any equation, into 8 


ſuppoling y = 15 or = _ Thus: in the equation. 


x*—pxi +$qx*—rx+$=0, 


Wecker ater af th ae pen inverted by this 
| 


66. Corol. 5. By increafing and diminiſhing the root of an e- 
* by a proper quantity, we may diminiſh the abſolute 
term, and thus render the ſolution of commenſurate equations 


* 67. ) 


| ProPosITION XXII. 
| G7. In the general A+Bx+C=*+Dx*+, Se. 
—=a+bx+cx* +d** ＋, &c. — the ſame powers of the ſame 
variable quantity (x), are found on both fides of the equation : 
| If we ſuppoſe the quantity A, to be equal to the quantity a; the 
= cocſciens of the lame powers of th we quan (x), vil 
| | all be equal. 

68. Corollary. When therefore the q A is afually e- 
qual to the quantity 4, the value of * expreſſion will be deter- 
mined univerſally: And, when we qfſume the quantity A, equal 
to the quantity a, the value of the expreſſion will be determined 
agrecable to this ASSUMPTION ONLY. 


Ex. 1. 


Sc. =2Ax+ qB—Axz* +8 C—4Bxx* +16D—1:C+B 
x x* ＋ RE—3D +6C x x* +, ec. 


Here 


Suppoſe 2 Ax 23x +2Cx* T2 Dx“ +ols* +, 
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Here 4B— A=2B..... B= TA 


8C—4B= . =3A 
16D—:2C+ B=2D..... D=zA 


z2E—32D+6C=2E..... EEA, Tc. Ec. 


And, thus it appears, that either of the above expreſhons is 
equivalent to this ſeries, VIZ. 


— — — — — ——ů— 


2 Ax x TIxX = + + x* T, &c. 


Fx. 2. 


Suppoſe — + Ax + Bo + Cx! + " Dath, 


Sec. ROT 2BFA « x+ 3C+2B x x* ” 4D+;C xx 
+ SE+4D « x* +, Sc. 


Here aſſuming A = ---, 


n 
Then 2B+AZSLA - Ba EA 
n | 2 n . 
| 3C+2B="-B.. „en * 
1 32 
zD+zc="c.... 2 — 
n 4 


m An 


S ET ADSp I 
n 5 n 
c. Sc. 
And thus, upon the ſuppoſition, that A , the value of ei- 
* 
ther of the above expreſſions 1 is non to this ſeries, vi. 


m—3 n 


„ -Bx hs Cx* + 


n 2n ; 3u | 4n 
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SCHOLIUM. 


69. This tion is the foundation of all Sir Iſaac Newton's 
diſcoveries in Mathematical Analyſis : And upon it depends the 
whole of the doctrine of inanite ſeries, approximations, &c. 


| ProrosITioON XXIV. 
7 Suppoling m, at ea any afhrmatire integral num. 


bers, if the quantity v* — 2", be divided by the quantity , 
— Fs 


s  * . 3Þ | 


This is Mr Landen's Theorem, upon which he founds his Re- 
SIDUAL ANALYSIS ; aud it is eakily demonſtrated by divifion. 


evident, that x* will become r Fe, the increment acquired by 


X +w—x. If therefore, we ſuppoſe, v = x + u, and 2= x, 
then 


is the ſame, the ratio "Wo nb t u bs ni wo The Me 
Newton, the ULT1MaTE RaT10 of the increments xFw)* my 


x* and 2 T — x. 
73. Corol. 3. Suppoſe v=1+Q. and zi; then by ſub- 


1 +Q — 1 +R Q—R : 
r reer 
iCN 9 — W B | — ; — 3m. 


FRY 7 5 IRT. 
* 1 1 G 


A — 
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- 
Here ſuppoſing 1 +Q=1 +R, the quantity — K FR 
vaniſhes altogether, and the ſeries becomes == x NT F 


74. Corol. 4. Suppoſe I TTS 1 + AQ+BQ* Tc. 


+ DQ* +, vc. then 1 FRY =1 + AR+BR:* + CR + 


DR“ +, Sc. And therefore, 1+Q_ 2 1 + R *—A x Q—-R 


— —  — — 


eee DTR +, &c. from 


1+ — * 
whence we have 5 TER =A +Bx Q+R + 


Cx Kr T, oc. univerſally. 


Here, ſuppoſing Q=R, the quantity e 8 5 = £ 
vaniſhes altogether, and the ſeries becom s A+2BQ+3 — 


+4D Q+, Se. = — = 2 +*Q) * (73. 


75. Corol. 5. Since then 9 D : —A +2B Q + 
: 2 
CDG, &c. therefore, multiplying both ſides by 


i +Q. or i+Q |* we have — x 1 +Q | *=A + 2 B+A 


8 ; — 5 m ni 
xQ +z3C+2BxQ +4D +3CxQ +,&.=- tF— 


n n 
AQ + —BQ + —CQ +, Sc. by ſuppolition (74): whence, 
| taking 
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taking ar it is, (as in 68. Ex. 2.) Tr + 


— 5 AA ON 
ac” 2 n Q n 2 1 zu 9 
76. Corol. 6. It appears from the laſt corollary, that 140 D 
m m m—N m m— n Em — 22 
+ 200 „%. 
ſts 2 W BY Q n 2 nt 3n Q 
25 m 
+, Sc. therefore, ( = =)i+Q | , (10) = 
1+Q | 
m m mn m m— 1 m 
1+. os.» bas - wore > compo Sy. 
- 2 1 — 2 1 3u e. 
21 — — C 
n n 2 1 n 2 3 u 


Q! —, &c. by actual divifion, (7, we The ſeries, in this caſe, 
28 15 obvious, can never terminate. 


77. Corol. 7. Thus: then it appears, ſuppoſing 1 to be a- 


ny — integral or fractional, afhrmative or * - that 


m mm—Nn m m—n 
21+W 1* 2 3 . 
oy 2S2 —Q+- 2 ** 5 
ee 7 * +, Sc. which is Sir Iſaac Newton”! s famous binomial 


| theorem, inveſtigated univerſally, according to Mr Landen's 
method * *. / | 


78. Corol. 8. Let — any binomial, then, Gnce 


F+PQ)* =P» . (5), therefore, by the kit co: 
rollary 


* Diſcourſe concerning the Riſidual . pages 6th and 
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rollary (77), FTT. = Po + —AQ+ — — B Q + 


* 1 : 


m — 21 cQ + m3 Q+, &c. Here P is the firſt term, 
3 u 4 * 


Q ſecond divided by the firſt, , the exponent, and A, . 


C, D, E, &c. the foregoing terms with their proper figns ; and 
this is the general rage... called the Binomial Theorem, as 
given by the illuſtrious inventor, Sir Iſaac Newton, in his letter 
to Mr Oldenvurgh, 13th June 1676; which letter, was tranſmit- 
ted by Mr Oldendurgh to M. Leibnitz, onthe 26th of June 1676 *. 
By this moit excellent theorem, we can multiply and divide, in- 
volve and evolve all quantities, whether terminate or interminate. 
We ſhall illuftrate this theorem by ſome eaiy examples. 


Ex. 1. Suppoſe. we were to raiſe 18 to the th power. Here 


18 104478; and ſo PD = ic, Q = "= and ==?, or 
| ts _— n 1 > 
m A4. and n=1. | 
15 
dock CET = 10000 = A | 
 AQ=4x10000x +... + + > > + » a= $06avarhd 
n Abe: 1 
2 = 38400 = C 
2 1 . 5 
— C 38400 x 2 . . . = 204&0=D 
3” ö 
DO 20% x*...... 4096 E 
42 4 5 — 


»» ³ A 3 . 


P+PQ “D = W Y 104976 


* Sex Commercium Epiſtolicum, p. 49—57 3 as allo Dr Wale: 
Algebra. Ant 
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And the ſame may be derived by dividing 18 into any other 
two parts. Thus: Since 18 =6 + 12; therefore, P=6, 
12 


Q= 18 


— FF 


A. 8 >. ©. ² 21062 | 
. n . 231104 = C 
e VC — = 41472 =D 
PCP) ˙¹w- 8 


P+PQ |=T ..... 2 104976 | 
Ez. 2. To extract the ſquare root of the number 2. Here 
| . . 


=1 +1; whence, P=1, Q=1, and —=-, or , 1 
and n 2. 


m 

P = 289 „„ „ &S S V 3 E29 © @S ==r=&A 
m I | 8 1 
3 „„ „„ „„ „„ oo eo. 1 
n Q 2 — 1 
eee — = „ „ 6 © © 2 2 — — 

27 * 4 2 2.4 
| lth . 2 % © % & ..c_ 1-3 =D 

1 6 2.4 2.4.6 
e 8 1.3 I. 3. 5 —_— 

8 


F hs; 


1 3 1335 1.3.5.7 


— W — — — — —è . 


2.4 2.4.6 2.4.6.8 2.4. 6. 8. 10 8 
| Ex. 3, 
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Ex. 3. To extract the ſquare root of a — *. Here P =a*, 


2 | 
Q=— 2 ==> or m = i, and n=2. 
SS 2» 
* 
P® = 4 i 3 $4 1 1 
2 * 
24 n . . o 2 @ => — 
1 2 | a* 
— 2 2 
- — B b — — 
2 1 4 2.4 a* 
2 
. — 22 
3n „ 
Se. Se. 


Here the law of the ſeries appears; and Va* — x>,o0r 2.1 
x* x*+ : x* 13 Tx** 


" 24 8a 16 4 128 a” 256 4 th 
Ex. 4. To determine the value of in a ſeries. Here 
| tar 


3 _ 


Las — ""REY..2 or m i, and 3 = 
&”---6 2 
a ä : 
N „  *=s F 
m 1 4? * 
— AQ — XK — 85 8 — 2B 
7 Q EEE a? 2. a? 

2 2 4 
my Q == 3, | ng Py A - > 3-7 == 
21 4 2. a* 2.4. 

m — 2 33 Lb 3-5-3 
— — — Xx — — — — 
— SQ 6 24 5 a* 2.4.6 * 
&c Ec. 
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More the low ef the fakes ts tg ws FED = *= 
+, Sc. and- therefore, 


1 7 | 8 
e rr T 
_ X*t= I—x'" =1 3 * 
9 2 6 
— — — — _ — Ec. 
=. 729 
4 a * 22 — 2 
Ex. 6. * af x + x* * = 
a? + x" " 
1 2 4 9 85 
Z © 1s = +, &c 
V a* 3 a* 9 as 81 4 
Ex. 7. 7 a —x* S4 
333% ME Ee 
5a* 25 a® 125 45 6294 


79. Corol. 9. The theorem given in the laſt corollary, may be 


applied to any quantity, terminate or interminate, either by tub- 
{titution, or by conne the terms properly with the vinculum. 
And, hence may be derived Sir Iſaac Newton's two theorems for 
the reverſion of ſeries, and all others of tl-e ſame kind. Thus: 


Caſe I. Suppoſe v=Az+B 2*+C2* +D2* +EZ#*+, &c. 


I. B 2B —AC. 


"= 21 2 As 91 . 
+ . iq 2m ARES DD 
A” FEM 6 


2 
AE, +, &c, 


un CCI — T 


Caſe 
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Cafe IN. A ＋ CZ +Dz2? +, &c. 
1 | B 14 3B*—AC 54 S$ABC—A*D—12B3 


A A* A 1 Al 
Let A BD + FACE; 
A | Ai VP 
+, EO. 


Caſe III. Suppoſe v = A z +Bz „ 


m3 
* Then (ſuppoſing a = -- 70 
FIT B _ n + mFiFinB —2mAC — 
| m A 2m A* 
— 2m" +gmn T +3m +6n +B 
| + TS, B c. 1+3*, er. 
m A* es | 
74 


c. Suppoſe av +bv? + £9) +dv* +, er. = 
gi Is +h2) +124 +, ec. Then v = v + 


— 


Fas 
m—_ 7 ' 5 IM 3 
hþ—ba* * 2bAB cA * + 
a 2 | 
1— * AC —2 23— 4 
I bB 8+ AC ze A B -dA aa. 
a 


Where A, B. C, D, 6c. are the coefficients of the firſt bers, | 
third, Gc.. terms. 


Ex. 1. Suppoſe r * — 2* +, &c. 


4 E 

Then (Caſe I.) PURE, #1 + 2 v5 | 
1.2 127 1.2.3.4 1.2.3. 4.5 

＋ * Sc. | N 


Ex. 2. 


wi 
_— 
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Ex. 2. Suppoſe v=z TI +75;2* + ri 27 +, &c. 


1 27 * 
1.2.3 1.2 3.4.5 1:2.3.4.5.6.7 


c. 
2 | 8 
Ex. 3. Suppoſe v = 2 ” 4 — +, er. 
2 Z 62 24 2 


a | 2 o 7 
Then(Caſe II) 2=v + ©. — 5. + 5, r. 
2 v 12 * 8 v | 
Ex. 4. Suppoſe v— v* +3 v* n v*, &c. 
212 +32* +32 +329, Ge. | 
Then (Caſe IV.) v = 2 + gf + wh 33 * 
2 24 24 2880 
&c. 


PRoOSITIONR XXV. 1 
80. In the ſingle equation y =N, ſuppoſe 5 * be a near 


proximation to the value of y; then, by continually ſubſti 
* approximating quantities into this general formula 


N 


m — 1 
E = 
Bl 


The value of y may be determined to any degree of accuracy- 
Or, univerſally let a yn + by" Te 7 +dyn „c. 


So, repreſent any affected equation; and, ſuppoſe © to be a 


near approximation to the value of y; then, by continually ſub- 
ſtituting the approximating quantities into the following general 
formula, the value of y may be determined to any degree of accu- 
racy. | 


GENERAL FORMULA. 
m—1a A + m—2bA=n—B+m—;cA"—*B* 4zv&c. 


nA B M IIA — - B- n z A- BY T, Ec. 
1 This 


* See Maclaurin's Algebra, Simpſon's Algebra and Select Exerciſes, 
as alſo Emerſon's Algebra. | 85 | | 
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This propoſition is demonſtrated directly by Sir Iſaac Newton's 
Binomial Theorem, (78) *, and the general formula will reſolve a- 
ny affected equation whatſoever. Thus: in the quadratic equa- 

A* + cB* 
tion, * + by c, the approximating quantity is =... 2; 


2A+3BxB 
in the cubic equation, y* + U +cy=4, the * 


2A +6bBxA* donde 


;zA+26 FIBFcB* B 
tion, y* +by* r +dy=c, the approximating quantity is 
3 T2 5 AB Te x A* +c B* 


== ; and thus, from the 
4A +3bA'B+2cAB? B* +d4B* „B | 


general formula, you may derive the approximating theorem for 
any equation. 


quantity is in the biquadratic equa- 


Ex. 1. Suppoſe y* = 2. 


Here taking == (us b r we 


have — for a nearer approximation. Again, taking 5 SD 


2 2 


we have y= — for a third approximation Allo, wg > _ 


I2 
17 . we have y= 25 for a fourth approximation. And taking 
12 2448 


A 342 


12 * ſhall obtain a fifth approximation, which being 


2448 
reduced, will give y = 1.414213562378, nearly. 


Ex. 2. nt oh = 32. 


_ Firſt bn © 3) arc 
I 


Second,— A * 22 = 7. 


„ See Nr Cullon's Com :entary or, Sir Iſaac Newton's Method of 
1 2. 180. — 191. 


Third 


2 8 — — — 1 9 


DE) 
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49 +48, 97 

= DD 
14 * 2 28 

S + 12x T 18817 
- Wyn. an 


— 


— 5 (= 78817): + 12 x 5432, __ 708158977 _ 


— — GO = 


3763/6 $432 © 204427888 


3-46410161513775459, nearly. 


Ex. 3. Suppoſe y* —2y=5. 


Here a=1, l=, c=—2, and d 5. 


p © = N 5615 
A 11,61) 
Fourth—— — = — K * 5 K Sous = -) = = 
B 3 * 11761 x 5615 —2 5615 
4133744325237 
— — — = 2.0 1481701, nearly. 
1975957316495 * I 


Ex. 4. Suppoſe 55 +7Xx + p* y—Xx3 — 25 =0o, to deter- 
mine the value of y in a converging ſeries, ſuppoſing x to be tmall 
in compariſon of y. 


Since x is ſuppoſed to be ſmall in compariſon of , that the 
ſeries may converge; therefore, to determine the firſt approxima- 
tion, ſuppoie x to vaniſh, and we have y* ++p* y— 2p =0, 


which gives y =þ E Then, reducing the equation $0 a 


proper form, viz. 


1 * p* Fpxxy— 2p TTT * 
It appears directly, that m=3, a =1, Feng c p ＋ px, 


5 e c=0. Thus: 


Firſt approach, © 1 (=2) ==. 
I 2 | 2d, 


w- : * — — — — 1 — — "Y 
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A_4p + 
2d. 
„ 


3 FOR 256p%H96p*x+249" x*: +1149* x" +48þ* x*+, Se: 
SY 2565. +160p”x<Þ60p*x? +1095; x*+2 +25p*x*+, Cc. Cc. 

. 

6ap zu, 16384 p 


Se. 


2D -A + 


81. Corol. 1. Although this propoſition is general, yet in re- 
ſolving literal equations (Ex. 4.) the AA. method will often 
de found more 9 In a literal affected equation, involving two 

1 n+r 
variable quantities, x, Jy afſume rn Bs 
n+s i + 7 

.Cx +Dx „c. And, inſtead of y and its powers, 
_ In the propoſed equation, ſubſtitute A x* and its powers; then, to 
determine n, ſuppoſe the two leaſt exponents equal for an aſcend- 
ing ſeries, or the two greateſt for a deſcending one: Subſtitute the 
value of n thus obtained, into all theſe exponents, and having 
taken the leaſt for an aſcending ſeries, or the greateſt for a de- 
ſcending one; ſubtract it from each of the reſt, and the remain- 
ders added to themſelves, and to one another, all poſſible ways, 
will give the values of x, 15 ty & c. And as for the 1 


. 3. 92 — N - Do, 
3 1 ＋ 1 
Here p“ x* —p* Ax + * —p Af — =0. 
Suppoſing n + 1=2, we have a=1, | 
Exponents, 25 27 6, Js 
Remainders, 3, 4, which give the numbers, 35 42 6, 77 8, 
9, 10, Ge. for ry 45 f, Sc. 


Thus: For an aſcending ſeries, Ax TZBx-⸗ TCI + 
D x? +, Ge. 


P =þp* x* I: 
- A- BT —p*Cx%—2*Dx* | 
V% „„ 27 
—⏑ =. AK . —$pA*Bx*, oc. | 


{ 


— 
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— þ*B—p As — =>» 8 G Þ@ A B=— . N 
| p* | 
—pþ*C+21 =O % O18 9 os C= 5 
r CH ADBIE® o. co «© < ©o::> + > D= 3 { 
p* \ 


&c. &c. 
1 
—_ + 2 + . &c. 
ll we ſuppoſe 5 n=6, or # = 14, we ſhall have for a deſcending 
ſeries, ) = AX +Bx—=?F+Cx=?f + Dx-*®S> 


1K 17 771 ; *r 


4 
| 

| 

| 

5 
T 
2 
ry 


Ex. 2. yi +* z+/x3—x!'—25' =0, 


32 | * | | a+1 | \ 

A*x +p*Ax +pAx — x —25 x* =0. — 
Suppoſe = = o, for an aſcending feries. 0h 
Series for 1, 5, t, &c. 1, 2, 3, 4» 5» Ge. "I 


And z—A +Bx+Cx* +Dx* +E xt, &c. 


j* A +3A*Bz+;AB x* +B3 x?, &c.| 4 
+3A* Cx* +6 ABCx?| N 
f | + 3 Ar DPR 3 1 
+ 5=+#A +5*Bx+9* bu e. 1 
+pxy= . . +pAz+pBx*+pCx, ec. | = 
— WG „8 -— x 
—2þ =— 2? . 


* 
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Hence, (68), A +p* A—2p*=0 . . A (57) 
3A*B+p*B+pA=o . . . B=—? 


A 
3AB* +3 A* C CT PBS O. . C= £2. 4 
| | 645 
B*+6ABC+3A*D+þ*D+pC—1=0 . = 
51¹ 
Oc. | Sc. 


131 x x? dog x* 
Thus: 5 x + 2 + - + —< „ c. as 
4 6 527 1563847 
before. And this ſeries converges ſo much the faſter, the leſs the 
quantity x is in compariſon of p. 


If we ſuppoſe 3 u z, orn=1, we fhall have — 1, — 
— 3. — 4, 0 Se. for ry, 4, t, &c. And hence, the de- 


ſcending ſeries, y=A x TBTCX '+Dx © A Ge. = 


2 2 
*— - . SSP 64 p* 


SF IN 72 WP: 143 _—_— Sc. viz. by proceeding 


as above. Which ſeries, as is obvious, will converge ſo much 


the faſter, the greater x 15 in compariſon of p. 
| Ex. 3. 5 +p* +53=—x* =0, 


A333 + A A- =o. 
Suppoſing 3 1 3, orn=1. 
Then — 1, — 2, — 3, Cc. =r, 4, t, &c. And, 
Hence, y = AXT TBT CX rf DZ , &c. 


AX TzA BZ +$3A*Cx+3A*D | bb 
+ 3AB*x+6ABC c. 
92 
17 = + A* x* +2 ABx + B- * ON 
55 ＋2 AC 
J - oo > ary B 
— x —— 1 ö 


2 — * 0 * N „ — 2 — — 
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Then {03h 4*—r=0d ,. > oo > - - Am 
gA*B+A*=0 ... . 32 
3zA*C+3AB TAB TAS . . C==—3; 
zA*D+6ABC+B*+B* +2AC+B=o.D= 7, 

Sc. 
n 


Thus: 2 Xx - — 1 + * &c. And this ſeries, as 
3 g's 81 x? 


is obvious, will converge fo much the faſter, the greater we i 
pole x to be takeu | , wy" 

If we ſuppoſe n= 3, then y AX +Bx*® +C x?, Sc. for 
an aſcending ſeries; alſo, if we ſuppoſe 2 =» n, or 2 =0, then 


Je 
| &c. 


alſo. 


82. Corol. 2. Having ſubſtituted the value of u into all the ex- 
ponents, as in the laſt corollary, let each of the exponents be 
ſubtracted from the next greater for a ſeries of differences, then, 
if the leaſt difference be divided by the greateſt common meajure 
of all the differences, the leaſt number which can be divided by 
the quotient (45), will he ſuch a diviſor of the leaſt difference, as 
will give the common difference of all the exponents in the feries 


for y. Suppoling, therefore, this common difference to be re- 


preſented by r, we ſhall have the following ſeries for y, viz. 
Ax TB NIC TD 3 ee. 
Where the common difference r muſt be taken as affirmative or 
negative, according as the ſeries is to aſcend or deſcend (81.) 
Ex. I. y* —p*y+pxy—xi — 25 x* =0, 
3n, u, +1, 3, 0. Suppoſe n . 
Exponents, O, O, I, 35 O. 


Differences, 1, 2, whereof the greateſt common meaſure is, 
I=, and 7 =1, (81.) 


Hence, yEA +Bx +Cx*+D x), &c. as before. 
If we ſuppoſe z 1 = 3, Or N=1 

Exponents 35 1, 2, 35 O. | 

Differences, r, 1. Greateſt common meaſure, 1. 


Hence, r =— 1, (8:.) and 
j=Ax+b+Cx-* TD, &c. as before. 


Fs » 
4-*0 aes 


ATB Cx, &c. which will give an aſcending ieries 
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Ex. 2. } -p +$9px*—x'=0 

5, 21, 2, 3. Suppole 2n=2, orn=1. 
Exponents, 5, 2, 2, 3. 
Differences, 1, 2. Greateſt common meaſure 1. 
Hence, 7 =1, and 

z=Ax+Bx*+Cx'+Dx*, &c. 

If we ſuppoſe g 1 3, or n=}, 

Exponents, 3, 17, 2, Jo 

Differences, f, 1. Greateſt common meaſure, 1. 


The l-aft number, divifible by 4, is 4, (40.) And f divided 
by 4. gives for the q | 


Hence, r =— +, and 
Ax ＋ BAH +Cx* + D, &c. 


Ex. 3. *—pxy+x*=0, 
332, 1 ＋ 1, 3. ZSuppoſe n ＋ 13, or n=2. 
Exponents, 6, 3, 3. . 
Differences, 3. Greateſt common meaſure 3 
}=1, and I=; r. 
Hence, = Ax +Bx* Cx, &c. 


If we ſuppoſe 3 1 23, or 2 gl. 
Exponents, 3» 25 3 
Differences, 1. Greateſt common meaſure, 1. 
1 Il, and r =— 1. 


Hence, y=Aa +B+Cx—*, &c. 


83. Corol. 3. If it appears that A hath various values, ſome 
of which are equal 2 398 * * 
of equal values will ing to the particular value we 
of A. 1 6, b, e, repreſent fix values of A, the 
number of equal values of A will be 3, 2, or 1, according as we 
take A equal to &, l, or c. „ 1 
mined, the value of n, let the differences of the exponent by 
which n was determined, and the other exponents, be now taken 
| = 


NETS tt Car x — 
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Fx. 1. x*—4 N- ＋ x — Nr Tio r-. =0, 


5 xn 4, 1 13, in 2, 22 +1, 4, u. 
Suppoling 22 gz, or n= 2. 

Exponents, 5, 5, 5. $» 8, i» 1. 
Differences, 4 4. Greateſt common meaſure, 3. 
471 A4 186. | 


'* In this example, A has 4 equal values. And the leaſt num- 
| ber, diviſible by 6, 4, is 12, (45-) 125 
Sh and therefore, r-. 
Hence, y=A x* +Bxf+Cx?+Dx +E 57, Ge. 
| 274 
Ex. 2. — 2 + xj —- 22 T + 1 
92, 3n +1, 2n +2, 1713, 14. 
 Suppoling 2n +2=n +3, or n= 3 
Exponents, 9, 4, 4, 4 14. 
Differences, 5, 10. Greateſt common meaſure, 5. 


| 55 =. 


In this example, A bas 2 equal values. And the leaſt num - 
ber, diviſible by , 2, is 2, (45-) 


K 22, rr 27. 
Hence, y=A x +B x** + Cx*+Dx*f, oc. 


Ex. 3. 4 —- 24 xy +a*x* + x*;* =0, 
} 2, , 2, 2n +4 Suppole 222 orn=1. 
Exponents, 2, 2, 2, 6. Mo 


| $=1. And A has 2 cqual values. 

| The lealt number, diviſible by 1, 2, is 2+ (45-) 

J S==2A 76 | | | 
K * 
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Hence, y=Ax TBA CI DA“, Oc. » 


8.4. Corol. 4. General forms, for approximating infinite con- 
verging ſeries, may eafily be derived from this propolition, and 
Sir Iſzac Newton's DB1NOMIAL THEOREM, (78.) Thus: let 


ax” 1412 * + cx® 2 + dx T3 * Ge. 
repreſent any infinite converging ſeries, and let the following ge- 


neral expreſſions be aſſumed as approximatious to the value of the | 
propoſed ſeries, viz. 


Then by ſubſtitution, and comparing the homologous terms, 
(68), we have | 


a* 


x®xI—bxn 


—_ Firſt approximation, where P =— =. 


aß -e *** 


b 

2 
XmX Second approximation, where P 
© e LED = i 
C 4 C 
— and — 3——.. 
5 * 7 


1 þ +aP L, Third © ein lies Pas 


1 ＋Pæx⸗ ＋ 22 | : 
„e. 
ac —b* 4 c— * a c—b* 


* Sce Sir Iſaac Newton's Analyſis of Equations, conſiſting of an in- 
finite number of terms, with Mr Colſon's Commentary on Sir Ifaac 
Newton's Fluxions, s' Graveſande's Algebra, Stirling on Series, 
Maclam in's Algebra, and Emerſon's Algebra. a 

+ See Mr Simpſon's Diſſertations, p. 99+ 


We 
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We may alſo approximate any infinite converging ſcries, by aſ- 
ſumingafraQtion, whereof one of the terms is the firſt term of the 
ed ſeries, and the other confilts of quantities to be determin- 
ed by ſuppoſing the fraction equal to two or more of the initial 
terms of the ſeries. 


_—_— . 


| 3 
Ex. 1. Suppoſe age + 3ab*t— - ARR 
2 3 


to be an infinite converging ſeries, the quantity x being ſmall. 


are 
1—3 2 A A* 
- + + + + + chen comparing the homologous terms, 
24 K 


(68), » we have A= and Bac. 355 Thus: 


- W | $ox iS 


8 
. on by ſubtraction, 


2 4 Xx 

8 2 12846 
we have gbx — — x, 1, Sc. M, or, 
1+ * 3 | 32 


_ —— 1 


24x : r 
1 0 5 
I 5 * —*x 2ax Dien - | Gc. = M. 


1 | Af 
4 


Hence, to determine a ſecond approximating fraction, 


fume (STB =) Za K* — V 55] = 


= — . „ „1; then, compannz 
the homologous terms we have can and 3 DX 28 x ar = 

b x\® = | 
r 4 which gives the ratio D: 24 * —— : 24x , 


E 2 an 


75 
and of conſequence, D= 


2 4 X 24 


132 
4 -— 


Ex. 2. Suppoſe AmL +$Am L* +3Am'L? Amt 
L', &c. to be an infinite conyerging ſeri ſeries, (=P. | 7 


Aſſume (=, =) AmL+;zAmnL* = * — 


MATHEMATICAL 
5bx 


C+D 
AmLD e 
25 o 6 „ W HS. then C=1, D=—z m L, 
Am L | - Oo 
and 12 is the firſt approximating fraction. By divißon, 


— = AsL IIA 141 4141 


1— m 


AL. +, ec. therefore, by ſubtraftion, 


Se. 5 

Then, for a ſecond approximating fraction, 
| + Am? L) 

Aſſume (er 2) is Am L* +3x Am*L5 = 

Am IL? | ir Am L)xF 


. E, by ben, and 


1— m I. 


— we — 


* This approximation ĩs that given by Mr Simpſon, without — 
inveſtigation, in his Ess avs, p- 47- for determining the 

a planetary orbit. Very ingenious ſolutions of Kepler's A Freblem, 
bave alſo been given by Sir Iſaac — coders Keil, 
Dr Matthew Stewa. d, Oc. | 


| 
| 


nim of , and that for the logarithm of 1 +=, we ſhall 


_— PTY 
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proceed as before, we ſhall obtain a third approximating fraftion, 


75 
viz. „ nearly. And thus: 


1-—4 mL 1—mL 


Anl. 7 3 j,3 L 
P = Wewony — — 4— 2 Or. very me- 


77 


| ProposITiIon XXVI. 
$5. Suppoſing u to repreſent a number: The meaſures of the 


ratios ——: 1, and 1 +8: 15 or, the logarithms of the quan- 


tities —— and 1 +, will be 8 


„ 


1. — —=Mx 2 + in Ti Ti, Cc. 


L. I TSM +3n" — 1 +, 3 


Where M, (which may be expounded by any number taken at 
=, is that QuanT1TY, called Mn COTEs, The 
ODULUS OF THE LOGARITHMIC OYSTEM®, 


86. Corol. 1. If we combine together the ſeries for the Jogz- 


1— n 
obtain a ſingle ſeries, which will converge much faſter than either 
ſeries in this propoſition, viz. 


L, = =2Mxa +31 TI +51), &c. 

From this ſeries, therefore, to derive the logarithm of any 
quantity, P, we muſt ſuppoſe P = e andbence n= = 
a proper fraction, and of conſequence, Ju 

8 ng any. 

. 


87. Co J. 


all Napier's 
NaTURAl LoGantTHMS, becauſe, in this cafe, the logarithm of 


natural logarithms, then, ſuppoſing M, m ro be the moduli of A- 
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87. Corol. 2. Since the modulus M may be interpreted by . 
ny numbers taken at pleaſure; r wg 
mic numbers may be derived from the fame ſeries, (85, 86), by 
taking for M different numbers. Thus: If the modulus M =1, 
the logarithms produced wilt be thoſe publiſhed by the illuſtrious 
inventor of logarithms, viz. The Honourable John Napier Baron 


of Merchiſton ; the logarithm of any quantity P, being, in this 
caſe, expounded by 

2xn+in ++ +, c. 
Batz if the modules M=, or, if 2 M=1, that is, if we hatve 
logarithms, another ſeries will be produced, called 


F, is expreſſed ſimply by the ſeries, 
n-+3n +=, &c. 


And hence the natural logarithms are properly the On1cixats 


or RA DIcAL LOGAarnTHMIC NUMBERS. 


88. Corol. 3. Let Q repreſent the infinite ſeries 


NY two different thmic ſyſtems; it is evident, that all loga- 
rithms, in THESE ſyſtems, will be proportional to the moduli M, 
m. Therefore, ſuppoling L to repreſent a logarithm in the ſy- 
ſtem; whereof the madulus is M, and Ja logarithm in the other 


ſyſtem whoſe medulns is m, we have the ratio M: M L: I. 


According to Napier's ſyſtem, where the madulus is unity, the 
logarithm of 10 is the number 2.30258, &c. and. according to 
Napicr's improved ſyſtem, as publiſhed by Mr Briggs, the loga- 


rithm'of 10 is unity; therefore, by ſubſtituting theſe numbers in 


GS | | 
the above analogy, we have m =—— ==0.4342944, Oc. 
t 2.30258, &c. * : 


the modulus of the common ſyſtem of logarithms. Thus: If we 


divide all the logarithms in Baron Napier's ſyſtem, by his loga- 
rithm of 10, or, if we multiply them all by the reciprocal of his 
logarithm of 10, we ſhall have the logarithms in the common ſy- 


1 tem. 


89. Corol. 4. Suppoſe Mx n==4 n* TIA An, 6c.=L, 
then, by reverting this ſeries, (79, Caſe I) we have 2 
L BR. ©. L* MO 
— FF —- + —— Xx — Sc. and of conſequence, 
m  2M* 23M 234. 

(ſuppoling | 


1, ee. =A+ 
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f — * 1 = 1 = AL — th = 


— thereto 
— tins +; LI An, 
Sc. (89), and therefore, z=A FAmL+tAm'L* +; Am? 
L A „ A. 
1— NL. 1— L 1— 2 L 


beg Ap A,» (84. £x. ba a rake the two firſt terms 


An IL. 7-5 
Ii 
and hence, the ratio M—3L : M+3ZL=A: "Y 


Ex. Suppoſe 2*** = 1.06 to determine the value of z. Here 


har profes we ſhall have z=A + 


a 2 *I. z L. 1.06 (= L. 2 +L. 0.53) = 0.02530586526477 


Mr Sharp's table, „ „ 
By Sherwin's tables, the next leſſer logarithm to that of 2, is 
0.0000434, and Number A = r 
only of the logarithmic ſeries (86), we get L. 1.0001 (= L. 


10001 
r =:Mxn)= L. A. Thus; 


L, z =0.000069331 13771, 
L. A — 


L, _ = 0.00002590386089 = L, 
1.0001 A 
A L o. 002590645 1236953. 
See Sherwin's tables, and Sharps Geometry, 
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M=0.43429448190325 (58) 

2 L =0.00001295193042 
M—+L=0.43438152997283 

AL 

gr ——_—_— 
And A= 47 = * by an en- 
3 
9. Corol. 6. If, inſtead of taking the number 
tothe next leſſer logarithm, as in che ve take that 
correſponding to the next greater, and call it B; proceeding, 
2s in the laſt corollary, we ſhall have 2 1 + | 


2: Bn'L" ir“ L' 


_— _— w—_ 


| = + 2355 —1.06. Here, I take, from Sherwin's 
els, the number corchonding to the logarithr 00000436, 


to fix places, viz. 1.00016 (= 7. ö * o. 47 x0.28) B. 
L. B = o. 0006948155878, by Sharp's __ 
L, 2 2 ——— 


L, - = 0.000c0015042102 = I. 


B L =0.0000001 504450873632 
M + +L=0.434294557113760 
BL 
L 
And therefore, 2 ( =B — — * 
M2 
1.001596 535897 very nearly, as befare. 


= 0.0000003464192, 
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3 The modulus for the common logarithms, from Napier's, 


0.4342944319032518276511 28418916, &c #. 


ProrosTIONn XXVII. 


93- In any ſeries of quantities a, „ c d, e, 7. ac. if there 
all the orders oe Rs of os ns. and if A, 


the firſt terms of the ſeveral orders 


a, b, e, d, xt. are the uUxcix of » binomial, raiſed to a 


power 
denoted by n, (10, 78), and the quantity T itſelf will be affir- 


mative or negative, according as u is an even or odd number. 


DEMONSTRATION. 


| Series, a, 3, e, d, e, f, &c. 
Firſt differences, 5 — a, c —b, d—c, e d, f—e, &c. 
; | 
Third, —— d—3c+36b—a, e—3d+3c—b, &c. 
Fourth, —— e—44+6c—4b+@, Kc. 
Sc. e 


| Thus : 
AS —4 7 
B= a—2b+c 
=—a+z;3b—3c+d 
DS a—4b+6c—4d+e 
F 
Ge. Gc. 


See, on tbe ſubject of of logarithms, Dr Wallies Algebra, 
XII. Sir Iſaac Newton's Fluzions, Sharp's yg = 


Sherwin's tables, Mr Dodfon's Antilogarithmic Canon, 83 
2 Ec. 1 | = 
4 , 


- c—2b +a, d—2c+6b, e—2d+c, &c. : 


Fa 3 | 
9 8 | 1 


32 MATHEMATICAL 


Or, 
ws A =qa — 3 


B=a—2b+ e 
wC=a—3b+;zc—d 
D=a—4b+6c—4d+c 
—E=a—;b+1roc—10d+;e—f, 
Ge. &c. 


And hence, (10, 78.) 


— Le. —1 — 1 —1 — 
2 2 3 1 
c, &c. I, according as n is even or odd. 


Q. E D. 


42 —nb+n. 


2—3 
— 


Ex. 1. Required the firſt term of the 5th order of differences 


in the ſcries, 1, ©, ©, F, us Ge. 


Here — and therefore, — T 1-51 ＋ 10c— 10 d + 


329 Fr; or, T =— 75. 


ſeries, 1, „ 9» 27, 81, ©c. 


Here n=8, and therefore, T=1—85+28c— 56d, &e. 


= 256. 


Ex. 3. Required the firſt of the ach order of differences in the 


ſeries, 1, 8, 27 64, 125, c. 
Here n=4, and therefore, T ga —- 43 +6c, &c. 


2282 1. B of, be. in ta 
_ derive —— Cy d e 7, &c. in 
C, D, &c. we ſhall have * 


20. 


b=a+A 
c=a*+#2A+B 
=a +3zA+;3B+C 
e=a +4A +6B+4,C+D 
f=a+5A+ioBÞ+wC+;D+E, 
Sc. 1 Se. 


Arn 
4, I, c, d, e, fy &c. 


Ex. 2. Required the firſt of the 8th order of differences in the 


ai 


PPTP 


ANALYSIS. 83 


221 1— 2 
—  e Sg — 


4 3 
99% 8 (10, 78.) 


noted by n, 
n—1 Tt—2 I 
3 


Or, if we take in the fiſt cerm 6, of . & þ &, 
Hh tn. 3 will 


24 8 
I I 2 I 2 3 


NG. So TIE ; . 2D *. Sc. (ra, 78.) where the 


I 2 3 4 
coefficients are the uxcix of the power denoted by n— 1. 
For a=a 
b=a+ A 


c=a+2A+ B 

d=a+z3A+zB+ C 

S ＋ AAT 6B+4C+ D 

f=a+5A+1wB+10C+;D+E, 
Ge. Ge, 


And thus it appears, that —_—— a propoſed ſeries, 
be accurately determined, when the 23 of any 2 
. 


Ex. 1. Required ts ee 1, 8, 27, 64, 
125, * 


Here a 21, A=7, B 12, C=6, Do, and n=20; 
dene ITY = C = 8000, the 


«<a the ſeries, 1, 3, 6, 10 155 
21, &c 


Here a=1, A=2, BZZi, — and n 20; therefore, 
a + 19 AT 19.9 Bg 210. 


95. Corol 2. If hos the laſt corollary, 
| (94, exprning he vers of te propoſed fe 


A. 7 wt 


34 MATHEMATICAL 


J. Ke. and collect the terms into one ſum, we ſhall have the fol- 
lowing equatious, viz, 
a=o+a 


a T OTZ ＋A 
a Te SO ra TZATB 
a+b+c+d=0+4a+6A+4B+4C 
a+b+c+d+e=0 +$;a+1A+1wB+;C+D 
8+b+c+d+e+f=0+6a+15A+20B+15C+;5D+E, 


Ge. Sc. 
| 1 78.) : 
nan 3 "A +s wy . 3 — . 
2 2 3 2 
. * — 3022 . n — *D+, Er. 
4 4 2 3 4 1 


vl be the ſum of n terms of the ſeries, a, b, c, d. e, f, &, . 
By this theorem, therefore, which was firſt given by the illu- 
E 
ber ot terms in any propoſed ſeries. 


| Thus: The ſum of i terms of the ſeries. 


I, 2, 3 . =n+1Xx =, 


* = 2 2 2 2 
I, 2,33 43 + + » - n_ =n 


= 3 3 3 
15 2 324 1 2 n 


Gc. 


In theſe examples, if we ſuppoſe n to be greater than any of: 
enable number; then, | 


The LI MI of the ſum of the infinite ſeries. 


bs * I. & VTV Sin. 


1 2, 34% „ n* n RAR. 
1 * 3 
1 . Nu n x4. 
SG. Sc. 


Univerfally = 


929 


ANALYSIS. 
Univerfally, 1 A 3» 55 —- 


And this general example comprehends the whole Ani TRUE · 


TIC OF INFINITES. 


96. Corol. 3. If we ſuppoſe the terms of the ſeries, a, b, c, 
d, e, , &c. to be placed, or arranged, in ſuch a way, as that they 
may be at an UNIT'S diſtance from each other, viz. a, . , . c, 


d, . e, . J, &c. Then, if u t the place or diſtance of any 
term, x, to be int z it will be /S a4 TAT 
n—1 1 n—2 | 


- B + =. — F i C +, Sc. (94) And, as this 
2 | 
any term of the ſeries, 


value of x is perfectly accurate, when x is 
4, b, c, d, e, J, &c. 10 it will be nearly true, when x is any in- 
termediate term. 


=p — hel &. let that term 


Ex. 1. In che ferics, —, —, 
go" fi 52 53" 54 


de required, which ſtands in the middle, between — and 


$® - $3 
 Heren=2 2 and therefore x = a + 3 A ＋ 78 +3_ C 
FF? | - 8 16 
$a. 
nd "5 


Ex. 2. Having given the logarithmic figns of 1 c 1* 1 
1 25, and 1* 3', to determine the logarithmic fign of 1* 1˙ 40% 


Here (1* 1740. —1* = 1 40>) 1} =. 


 @=b6.2418553 A 
b=8.2490332 - +» +» + 71779 1 | 
c=T.256apg3 - - - - Job . . md8 C 


d = 8. 2630424 69481. . 1130 . . 38 


5 * 4 T AT 53 C 8.253753 3 very nearly. 


3 9 81 


97. Corol. 4. If we ſuppoſe the terms of the ſeries, a, b, a 
d, e, f, &c. to be anyhow equidiſtant, and that the quantities, 
- 
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in the firſt order of differences, are ſmall, it is n_—_ oO 


to 
thus, having an number of terms We can ths 
ſition, — any q En prope 
accuretey or nearh, ſuppoſing the firſt term T, 2 (93 of the 
i of differences, to be 
1. A| a—b 


2. B | a 


* 


3. C | a—3zb+3c+d 


a—4b+6c+4,d+e 

a—$bFioc—iod +$ge—f 

| @=6b6+15c;—wd+15e—6f+g 

27 T = 34-17 
Sc. 


215 +n. — C == fe + — F — 
2 — 3 2 


2—2 — 
"RE bs 


— & tt. 


Ex. 1. Haring given the logarithms of the numbers, 101, 102, -| 
104, and 105, to determine the logarithm of 103. 0 


Here, by ſuppoſing a—4b +6c—4d+e=o0o, we have 
e=#* e — = 2.128372 nearly. 


7 
Sans ci. = +4d4= 16.1025340 
d = 2.0170333 6 Fe: 40055507 
£= 2.0211893 3 6) 12.0770233(= 
2.0128372. 
Ex. 2. Heving given the cube regs of the numbers, 45, 46, 
47» 48, and 49, to determine that of 50. 


Here, by ſuppoſing a—5 b+10c—10d+5e—f So, we 
have Fi- Tei Becel | I» 


: 
4 
5 
4 


— — .- | VV SS" oo. _ at 
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N | Root. 

2 .. a 10e 5er 57.941603 
p _ 5b +10d=<54.257650 

47 | 3.608926 = ce Fog 

48 | 3.634241 =4 3684033 | 

49 | 3.659306 = e = V/ 50 nearly. 


98. Corol. 5. If the terms ofthe Bite ug fi 
be ſupple to be place ar ny unequal dltncs HEALS - x 


— _ x SO x 3 
M. () N. (o) P. () Q. () R. () 88. 


— b C d 1 
8 y 


Then, the term , corchhanding to any pee x2 will be 


a+Axx—m+B x x n * — CX x—m „ 
* — 828 X x — n+p 9 +, ec. where m repreſents 

diſtance (MN) of the firſt term from any gen phe (ML) Os 
if we ſuppoſe the point M to fall upon the point 


7222 +Ax+Bxxx—p * — Cx x *— = Xx —p—g + 


D x x x—p x X= x x—þ—9g—r +, &c. continued 
to the fame number of terms with the ſeries a, ads &c. 


in 
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The inveſtigation of this general theorem, for interpolating a- 
ny term of a ſeries, is here omitted, = hain che; twllond Bon 


Cx. 1. Given a comet's diſtance from the ſun, on the follow- 
g days, at 12 at night, tofind its diſtance, December 20, at the 
fame hour. 
December 12 . . . diſtance 301 2 
21 . 0 0 29 0 620 21 
24 „ ® * — 2 ® 715 
TEK „  yemes 
Here x (20 — 12) , the time aſter Dec. 12. 
2(=21 — yz) =9, q (=24— 21) z, and 7 (226 — 24)=2. 


= | 778 3 
Alſo A — =* 4444. B 2 — IP = —0.314, and D 
| 0.3185 


=— 0.0227 z whence, then y = 586.9831 the 


Ex. 2. Given three diſtances of the ſun from the tropic, and 
the times of obſervation. To determine the time of the ſolſtice, 


December SS SS | diſt, 39” 22 
21 „ 5 +. ++ as 
4 24 «© » „574 = e 5 
Here p (= 11 — 20) =1, and q(=24—21)=3. Alſo, 


. 14 9 . — 1 * 
A=— 33, and B 3 2 whence y 39 — 46 = 


+ 13 "> x* =0, 7 being ing nothing at the time of the ſolſtice; 
And therefore, x = 1.3132, and x = 2.058, (26, 37.) *. 


99. Corol. 6. In the ſeries, a, 5, e, d, e, f. &c. if we ſup- 
poſe, that there is the /ame ratio between every two adjacent or 


|  * See Sir Iſaac Newton's Principia and Quadrature of Curves — 
Philoſophical Tranſactions, No 362,—Cotes's Harmonifga Menſura- 
rum,—Stirling on Series, Simpion's Eſſays, &c. and Emerſon's Co- 


1 contiguous 


Univerſally, a: a- era: * 251 


——ͤ——ů — ao 
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contig iguous terms, then, are the quantities, a, 3, c, d, e, /, &c. 
faid to be in continued proportion : And, in any ſeries of this 
kind, all the orders of differences are in the ſame continued pro- 
portion, alſo. For, ſince by ſuppoſition, the ratio 4: bb: c 
c: dd: e=e: f, &c. therefore, by converſion and alternation, 

the ratio (a: J) a—b:bB—c=b—c:ic —d=c—d:d=e 
=d—e:e—f, &c. (13); and, dy continual converſion and 
alternation, the ſame will appear with regard to all the orders of 
differences. - q' 


100. Corol. 7. In the ſeries of the laſt corollary, let the ratio 
m: 1 be the common ratio of the ſeries; then, if we ſuppoſe this 
ratio to approach nearer to a ratio of equality, than to any o- 
ther aſſignable ratio whatſoever, it is evident, that we ſhall have 
the firſt differences, a—b, b—c, c- d, d— e, e—f, &c. 
very nearly equal to one another. And therefore, in this caſe, 
Any power or root of any term of the ſeries will have the ſame 
ratio to the difference of the ſame powers or roots of any tus ad- 


jacent terms, as the term firſt aſſumed to ſuch a multiple of the 


common difference of the terms, as is denoted by the index of the 
given power or root, NEARLY. Thus: | 


The ratio a5: 4 —b*=4:2xa—3| 
4:4 —b'=a:3xa—bl 


+ nearly. 


a* :a*—b*="a:4xa—b 


Alſo, 


The ratio 4 4 — b* =a 2+ x — 


2 1 U | 
ar: a —bT=a:4ixa—b 


A ae 


Univerſally, 45 4 - a: : xXa—b| 


And hence we derive a very eaſy method of approximating the 
roots of all ſurds or radical quantities. | 


Ex. 1. Suppoſe a=2, and b Vz. (80.) 


Then a — b*;2 x a —b —=a* : a, which gives 6 =+# nearly. 
| M Alſo, 
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Alſo, a —b*:2 x a—b = 6* :b, which gives b = 4 nearly. 

As the former approximating quantity + is greater 

and the latter nearly as much leſs, therefore, by taking the in- 

termediate quantity, we obtain N a near approximation. And 

by repeating this operation, the root may be determined to any 
of accuracy. 


Ex. 2. Suppoſe a = 73, and b = V 12. (80.) 


Here þb* —a* : 2 x b—a=a* : a, which gives . 
Alſo ö —a* :2x5—a=b* :b, which gives b= . 


And by taking the intermediate quantity, we obtain the frac- 


Ex. 3. Suppole a=1, and b= os (90, 91.) 


36s 36s 369 


Here ) — 4 365 K — 4 =4 z a, from which þ—= 
365.06 
365 | | 
--. JE$ 165 — 98 
Alſos — 4 2365 X — a 22 3, from which ö 
386.9 | | | 
386.84 


a very near approximation to the root. 


PrRoeosITION XXVIII. 


101. If we aſſume any quantity at pleaſure, and therefrom 
derive a ſeries of terms, increafing or decreafing, by equal dif- 
ferences ; the terms of the ſeries are faid to be in conTINUED 


And by taking the intermediate quantity, we obtain 1.0001597 


ARITHMETICAL PROGRESSION : And one half the number of 


terms in the ſeries, will have the fame ratio to unity, as the ſum 
of all the terms to the ſum of the rwo extreme terms. 


DEMONSTRATION. 
Let a, v, repreſent the two extreme terms in a continued 
arithmetical progreſhon, whereof d is the common difference of 


the terms, x the number, and 5 the ſum of all the terms: Then, 


Ace 


than the root, 


aS Ako —_—— Oo a. od Mb. 


— FF Y as a O27 
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ing as we take a or v for the leading quantity, the ſeries 
will be expreſſed by the following terms, viz. ; 


a, 4 =d,a=24d, a==3d, a=4d. a==n—1xd(=v), 


v, v d, vg 24, v d, va=4d . va=n—1 xd(=a.) 
And theſe ſeries being perfectly equivalent (taking the terms of 
the latter backwards, or from rroht to left}, it is manifeſt, that 
the two taken together, will be double any one of them ; and 


| therefore, a TV + av + a+v + av, Kc. to = 
terms, =a Fouxn(s)=25, from whence the ratio = : 1 =: 


s +v, (16.) 
| Q. E. D. 


102. Corol. 1. Since, then a =n —1xd= v, and v 
Yun - I * dg, (101), therefore, n — 1 * da d v, and hence 
the ratio 1: —- ld: am, (16.) Thus: In any continued 
arithmetical unity hath the ſame ratio to the exceſs 
of the number of terms above unity, as the common difference 
of the terms to the difference of the two extreme terms. 


103. Corol. 2. Hence, in a continued arithmetical progreſ- 
fon, if any three of the five quantities, 3, v, d, u, and s, are 
ſuppoſed to be G61vEN, the remaining two may be determined, 28 
n the following table, where the expreſſions belong to an in- 
ereaſing progreſſion, and may be applied alſo to a decreafing pro- 

— by making the quantities @ and v, change places every 


Caſes | Data | Quzfita | DETERMINATION. 


1 we | mod n — 1 d, (101, 102) 
pin 


IT'S 


iff 
.- 
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an =——<—+1 | 
| 4 
I. 4, d, o 35 
N 's | | + a v— 2 oy 
| 1 3 
| ſa th — 
III. a, d, s | FP 4 ** 
„ 
| | | LU =V aKa -d rd +4 — 44 
N [7 25 
5 n a * — (101.) 
IV. a, Vzs 4 | , — 
| = : BY Pa non 
1 | | — 25—vrFe 
rant _ — — | — | * 
jv | — a= 25—naex-(101) 
| | as 
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4 131335 1 * d(101.) 
VI. 1 
Ss | n+1 

5 =nxv—dx 
2 2 

| a [22 4 1 v vd Nd i 
| VIII. d. v, — 
1 9 | 1 v = vx = So 

| | nj= | — 


—+dxn—1 (101, 102.) 


<4 | | — 


v = +3dxn—1 (101, 102.) 
wo 


| 


| a — 


7 
| SB " warp 


104. Corol. 3. Since univerſally s = - x a+v (101); 


therefore, if =0, then = x v. Thus: the ſum of a con- 


tinued arithmetical p a. whereof one of the extreme terms 
is a cypher, (0), is = to the other extreme term repeated as 
often as there are units in half the number of terms in the feries. 


log. Corol. 4. WWW 


; therefore, if we ſuppoſe a= 2, and d 


2 alfo, then 5=n? +1: And, is ths caſh; is called a Pzo- 
NIC 


1228 xa+dx- 
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x1c NumBtr. Thus: pronic numbers are produced by adding 
together even numbers in 2 continued arithmetical progreſſion. 

Continued Arithmetical Progreſſion, 2, 4, 6, 8, 10, 12, 14, 16, Cc. 
Pronic Numbers Numbers, 23 65 12, 20, 30, 42, 56, 72, Sc. 


Moreover, ſince n* + 1 , therefore, (26), n= . 1 


the pronic root of the number denoted by s : And hence, * 
increaſe the quadruple of any propoſed number by unity ; then, 
half the — of the ſquare root of this ſum, above unity, will be 
the pronic root of the propoſed number. 


106. Corol. 5. Further, fince univerfally s =n 1 


therefore, if we ſuppoſe a t, and d 2, then un: WY 
thus all ſquare numbers may be conſidered as originating from 
the addition of odd numbers in a continued arithmetical progreſ- 


fion. 
Continued Arithmetical Progreſſion, 1, 3, 5, 7, 9, 11, 13, 15, 17, ©c. 
Square Numbers, 1, 4, 9, 16, 25, 36, 49, 64, 81, Ec. | 


107. Corol. 6. From the laſt corollary may be derived a ge- 
neral theorem, for determining how many odd numbers muſt be 
added together to produce a given power of that number. Let 
the given number be n, the exponent of its power m, and the 
firſt term of the ſeries a; then, ſince in a ſeries of odd numbers, 
the difference of the tcrms is 2, * and number of terms u, 


by ſuppoſition; therefore, * (on =s nN a +3 11, and of con- 


M—q 
ſequence a n —7z—1: And thus it appears, how powers | 
of all dimenſions may be obtained by the $5UMMING up of odd 
numbers. 


Thus: Suppoſing m 3, and expounding u by the numbers 
23 3 4» 5» 6, 77 Cc. 
22375 
3*=7 Trin 
213 ＋ 15 ＋ 17 7119 
5 =21 +23 +23 127 7 19 
6 231 255 +35+37 7139 +41, 


Co 


ANALYSIS. 95 


Again: Suppoſing m = 4, and expounding 7 as before. 
24=7+9 
34=25+27+ 29 
4*= 61 + 63 +65 +67 | 
5 =121 + 123 + 125 1 127 ＋7 129 
6*=211 + 213+ 215 + 217 +219 + 221, 

Sc. Se. 


And we may proceed in the ſame manner for any other powers. 


108. Corol. 7. If we take the common arithmetical progreſſion 
of natural numbers, proceeding regularly from unity, and ter- 
minating in any /quare number, the terms of this progreſſion 
may be ſo dif within the cells of a geometrical ſquare, that 
the ſums of each row, taken diagonally, laterally and vertically, 
ſhall be the ſame; and ſuch arithmetical ſquares are called Ma- 
Sic SQUARES. Here, as the fide (or root) of the terminating 
ſquare number, may be either odd, evenly-even, or unevenly- 
even, ſo, in the conſtruction of magic ſquares, there may be 
three different caſes. | 


109. Cafe 1. When the fide of the ſquare number is odd. 
Range all the numbers in their natural order within the cells of a 
geometrical ſquare; this ſquare 1s called the generator, or gene- 
rating ſquare. The diagonal and the lateral middle column of 
the generator, give the vertical middle column and the diagonal 
of the magic ſquare ; at the extremities of the diagonal of the 
magic ſquare, deſcend and aſcend vertically, one term, increa- 
ſing and decreaſing ; continue upon diagonals, deſcending and 
aſcending vertically at their extremities as before; and the re- 
maining cells will be filled up with terms contiguous to thoſe, at 
oppolite extremeties of adjoining columns vertically and laterally, 


continuing upon diagonals as before. 
GENERATOR. Macic SqQUuare. 
Square of 3. 1 
1 A 
IE Fi 
718] EE 


SEN - 


96 


GENERATOR. 


Square of 5. 
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Macic SES 
Side 5. 


Macic SQUARE. 
Side 7. 


30|3v[48| 1110| 19/28 
[38145] Ns 8127129 
6] 6 817020 | 
| $1 4| 1612413 4215 3|55166| 
13] 5124133142144] 4 52163165 = 
21123132]41143|_31'2 16]27129|4o]5 1162[54[75| 5 
22|31]40[49| Ill 26|28|39[59[6117 2174] 41 
EE 73] 3114125 
37148]59179181] 211 3]24135] 


110. Caſe 2. When the fide of the ſquare number is evenly- 


even, or diviſible by 4 f. 
Here we muſt firſt conſtruct the 


magic ſquare 
the leaſt evenly-even number. In order to which, having fi 2 
as in caſe 1, let the terms on both diagonals re- 


ed the 


„ whoſe fide is 4, 


main, and — the other exterior terms croſs-ways with 


thoſe that are 


GENERATOR. 


to them, and the ſquare will be completed. 


 Macic Square. 
Side 4. 


ILE 


1 


6| 7 


E 


roſie] 5 


4 tt Mamas a Vacate Rope dt cnc pour Pn 1750. 


| 3] 2 


42 


Having 
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Having thus obtained the magic ſquare of 4, all other magic 
ſquares, whoſe fides are evenly-even, may be derived by ranging 
all the terms of the progreſſion into two rows; the terms in the 
upper row called ſmall numbers, being in the natural order from 
unity; and the terms of the lower row called the complements of 
the ſmall numbers, being in a retrograde order, ſeparate both 
rows, by drawing a line through them at every eight number ; 
then theſe parcels of fixteen figures muſt be formed into ſquares, 
— to the method uſed above in conſtructing the magic 
ſquare of 4, and the magic ſquare will be completed, by joining 
theſe ſubſidiary ſquares, ſo as to form a ſquare any how. 


The Conſtruction of the Mac1c SQUARE, whoſe fide is 8. 
r r&r 20 2112 22 24 25 262 2829 0 

4 EEE 33] 
GENE RATORS. 


Jia ifi 1 18]19]20] 550 
1311401 fl [21]22[23]24] 29130031032 
Aeli [41]42]43]44] 346 
53154155156 eee, EA 


3] 4, 4 4 7] 8] eee ee 4 gre 


EEE 


SUBSIDIARY SQUARES. A 
55154112} [17147]<6120) [25]39]38[24 
52141 5 44122023021 25030310334 
[:6]5o[51113] [24142143121] [3213/35/29 
53111]roſ56] [45]19}18148] [3772 2614 


Macic SqQUarE. 
Side 8. 


— 


DHE 
60 6 715715211411 5149] 
LEFT 
61] 3 2164|53]1 1]10[56 
— — — — — 
17147]40|20|z5]39] 38/28] 
_ 144[22123]4136130[31]33] 

2414214321 3229559 
[45]19]18] 48þ37[27126]46] 


| Macic 


— 
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MAGIC SQUARE, 


Side 12. 


| 1 [143[142] 4 | 9 [5351134] 12] 1711271126] 20 
[140] © | 7 | 306374 III 292 TL 22] 23: 21 
'$ [138|r39] 5 | 61 30131 13] 2401 2212 21 
41 3 | 2 [144þc32] 17] ofr36lſr25| 19] 18)128 
2511191118] 289 3301 17[t 10] III 
116] 30] . EEE ZEST 
2414115] 24] 400100107 | 48] 96 99] 4 
15 E EF I 
49e 98 o 
92] 54] eee 70] 71] 73 
_$6|_9<| 94] 53] 641 32] 83] 6u} 72] 74] 751_79 
| 93] 51] 5<| 96} 83] 5y| 581 Bajl 771 07] 66] 8 


— 


— — 


111. Caſe 3. When the fide of the ſquare number is un- 
Here we muſt firſt conſtruct the magic ſquare whoſe fide is 6, the 
ſmalleſt unevenly-even number. In order to which, let all the 
numbers in the regular progreſſion be diſtributed into two rows, 
as in the laſt caſe, in manner following : 


1, 2, 3s 4» 5 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 
3643523433392 2231330329428, 27, 26, 25, 24, 23, 22, 21, 20, 19, 
Then the ſquare of 4 being the greateſt evenly - even ſquare that 
can be inſcribed in the ſquare of o, we may take the eight laſt of 
the ſmall numbers, with their complements tor filling up this 
ſquare, and the ten preceding numbers, with their complements, | 
remain to fill up the twenty cells of the border ; or, we may | 
take the firſt eight numbers with their complements, or thoſein 


the middle to fill the fquare, while the other extreme numbers, or 
tuoſe in the middle and extremes remain for the border. Here 


then we ſhall take the firſt ten ſmall numbers, with their comple- 
ments for the border, viz. | | PE 


„ „ SS % mg N & *% .-.m» 
3% 35» 34, 33» 32, 31, 3% 29, 28, 27, 
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'The internal part of the ſquare being conſtructed, as in the laſt 
caſe (110), and each ſmall number with its complement, making 
up the ſelf ſame ſum, therefore any ſmall number that is placed 
in the border, muſt have its complement oppoſite to it ; and any 
ſmall number, placed at one extremity of either diagonal, muſt 
have its complement at the other extremity of the ſame diagonal. 
If now we mark ten cells in the border, each with an aſteriſm (“) 
for the ten ſmall numbers, then the three ſmall numbers to be 
22 in each row of the border, making up the ſame ſum, may 

expreſſed in general terms, by x, y, and 2, and 1, 2, 3, &c. to 


10 terms, being equal to 55, (101) therefore, (3x T3 T4 or) 


zxx+y 65g which indeterminate equation being reſol- 
ved by ProP. and its corrollaries (40—48) we obtain four 
different general methods for placing the fmall numbers in the 
proper cells of the border, viz. 
2 = 1, 4, 7, 10 | 13 
| x+y +2 = 18, «7, 16, 15 | - 

and as the ſmall numbers x, y, 2, to be placed in the border, may 
be derived from any one of theſe equations, we ſhall therefore 
take the laſt values of x Ty and 2, theſe being in the leaſt num- 


bers. Wherefore, having placed 10, the value of 2, in the cell of 


the upper row belonging to it, ſince the two ſmall numbers x, , 
to be placed in the extreme cells of this row taken together, a- 
mount to 5, we may therefore take either the numbers 1 and 4, 


N 2 
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or 2 and 3; let us take then the numbers 1 and 4, and expunge 
theſe with the number 10, out of the ſeries of ſmall numbers 

fs %» 2822832 
Since the two ſmall numbers x, 2, to be placed in the right band 
row of the border, taken together, amount to 11, we may take 
for them either 2 and 9, or 3 and 8; let us take then the num- 
_—_— and expunge them our of the ſeries of ſmall num- 


1, 7 35 4» 55 6, 75 > 9g, xo, - | 
ſmall numbers y, 2, to be placed in the left hand 
border, amount to 14, we have therefore 6 and 8 to 


45 75 3 fo 5+ > Tb g 
refine ty the three 247 1 hs 
2 20 The border is then completed, by 

ſmall — 1, Jo 2, its reſpective 


MaGic SQUARE. 
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112. Having thus obtained the magic ſquare, whoſe fide is 6, 
we may, in the ſelf - ſame manner, conſtruct the magic ſquare of 
any other number, whoſe ſquare root is unevenly-even. Alſo, 
in conſtructing magic ſquares, whoſe fides are numbers unevenly- 
even, we may proceed in this manner, viz. | 

Diſtribute all the numbers of the progreſſion into two rows, as 
in the laſt caſe, ſeparating them into parcels of fixteen figures, 
by drawing a line at every eight number, reckoning from the 
furthermoſt extremity ; complete theſe ſquares, and join them 
into one, as in the laſt caſe; and thus we ſhall have the internal 
pu of the ſquare. To obtain the numbers to be placed in the 

rder, from the number denoting the fide of the ſquare to be 
conſtructed, take the number 6, and add the remainder to the 
numbers in the extreme cells of the ſquare of 6, marked with an 
aſteriſm (*) placing the ſums in the correſponding cells of the 
ſquare to be conſtructed, and their 


AI i, 
| | 15} 


ILE 
— 1 5 | N | Let | | 
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as ES Sf 
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complements in the oppoſite extreme cells. Laſtly, take the re- 
maining {mall numbers, and diſtribute them into two rews, pla- 
cing 
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ſeparate the numbers 


and place all the numbers 


lefſer as before 


border, which will be 
ents of the ſmall numbers in 


complem 


diviſions, 
ſame row of the 
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Small numbers produced by 4 4 (=19—6) to the numbers in 
the aſteriſm cells of the ſquare of 6. : 

5, 6, 7y 8, 9, 10, 11, 12, 13, 14 
Remaining ſmall numbers diſpoſed according il | 
to the rule, and ſeparated into four diviſions. 1141 


Macric SQUARE. 


Side 10. 
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Small numbers ſeparated 


into tour diviſions. 
Small numbers in the aſteriſm 2 =” | a6 6 4 3 | 
95 10, II, 12, 13, 14, 15, 16, 17, 18. 25242. 1954 123 bo | 


Macic Sap AR. 
Side 14. 


5 18 „29 I 20 2 | AHR 


8 161 


38.127. 177 : 
| 112 86 i , ; 


109i 87 : 100181 
| 84 |11 12319 92 tots; 
5 22 | 6 2160519 17 179485] 
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113 Corol. 8. The general increaſing ſeries of this propok- 
fition a, a +4, a ＋ 2 d, a +34, a+44,.... a+ —1 xd 
(141) becomes 1, 1 ＋ 4, i +24, 1+341+44,.... 


1 + —1 +& ſuppoſing @ equal to unity; and combining to- 
gether the terms of this latter ſeries, according to the number of 
terms, we obtain the following ſeries, expreſſing all combinatory 
or polygonal numbers, viz. 1, 1 +1+&4,1+:1+d+:i+24, 


1 +1 +4, +1 +24, +1+341+1+4, +TF 24 


11 xd 


= 3 
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be fame expreſſions may be univerſally derived from the gene- 


cal polygonal number 1 +=! — x 2 by the ſecond corollary 
2 


9 


of the laſt Propoſition (95). Thus, 1+ 2=1xd x n+ 


3 * 


or, (taking d=1) n. . 2 repreſents any 1ſt Triangular 


2 J 
Pyramidal ; and hence all the other orders of Triangular Pyrami- 
dals as above. | 

115. Theſe expreſſions give us alſo all the permutations and 
all the different combinations. of quantities. The continual pro- 
duct of the ſeries of laterals n, n—1, n—2, n—43, n—4, Cc. 
continued to the units in u, gives directly all the permutations of 

any number (x) of quantities; and if any quantity occur twice, 

thrice, four times, &c. then 1.2. 2. 1—-4. oc 

| 2.1 


— —— ——— — — 


n. 1 1 — 2.3. 4. Ec. n. — 1. —2. —3. —4. 


| © a. 4 4.3. 2 1 
e . will be the reſpective permutations. And, as for the 
combi nations of quantities, theſe, when the quantities are taken 
by two's, three's, tour's, &c. go on according to the numbers in 
the ſeries of triangulars, iſt triangular pyramidals, 2d triangular 
pyramidals, &c. therefore, ſuppoſing n to repreſent the number of 
quantities, and 7 the exponent of the combination, then ſhall 


— wo —— — 


. 2.2 4 Ec. to * 
| 133 3 1 
ſent the combinations of r quantities in n : That is, 


2 combinations of two quantities in n. 
r FED 


— 0 — ——_—_— 


- — 


ANALYSIS. 109 
116. The ſums of all the combinations found by taking o, 1, 


2, 3» 4, &c. quantities out of any number (n) of things pro- 
poſed, is — the election of . and is expreſſed 


univer · 
fall by 2 or excluling 0 by 3—1, or excluding both o, iby 
21-60 I. 


117. Corol. 9. By taking the reciprocals of the terms of an 
arithmetical progreſſion, we obtain a ſeries of quantities, in con- 
tinued Har MONICAL, ox MusSICAL PROPORTION 3 and by 
taking the difference of _ two contiguous terms of the har- 
monical ſeries, the Law of this ſeries will be evident by in- 


ſpection, Thus: 
Arithmetical ſeries. r „ 
— x <, an=n—1 * d 
ES I I I 1 
Harmonical ſeries. — — — 5 — — — 


TERS. 4 44-4 
Difference of the terms | 
— | ee nn 


—  ——— 
)J a=tn—2xd, e=tn—ixd 


From the differential ſeries it appears directly, that in the har- 
monical progreſſion, there is always the ſame ratio between the 
two differences of any three contiguous terms, as there is between 
the two extremes of the ſaid three contiguous terms; alſo, that 
there is the ſame ratio between the product of the two firſt terms 
of the harmonical ſeries, and the product of any two other con- 

tiguous terms, as there is between the two differences of faid 


_ contiguous terms. And hence, 


Suppoſing a ſeries of harmonical 
— — bs 8 1 
And the ſeries of differences by M. N, 3 
2. an FAR. 
Gs 


Therefore, 


And univerſally, the ratio M: X=B=t=—2.M:V 


ns, in any ſcries of in harmonical or muſical 

C Os Mien ner 2 Fe: 
the difference of any two other contiguous terms, 
as there is between the difference or ſum of the ſecond term, and 
ſuch a multiple of the difference of the two firſt terms, as is de- 
the number of intermediate terms, and the laſt term of 


= === (117) therefore the harmonica! pro 
— ee em viz, 
_ AxB AxB AxB AxB 
BMD EZM B=3M B=4M 


ANB 

BE 2. M 
And from this ſeries it is obvious, that a harmonical progreſſi 
on, conſiſting of any whatever number of terms, cannot always 
c 
pleaſure. 
119. nc ben hens 
nical or mufical 
A: C (7): ſo, four quantities, A, B, C, D, are ſaid to be in 
harmonical 


3 or m 
C DSA: D, and three quantities, A, B, C, are faid to be 


in contra-harmonic proportion, when the ratio A B: B π¶ = 


C: A. Thus, 
Theſe three numbers, 10, 15, 30, are in continued harmonical 
proportion. 23 — OTE 


when the ratio A B: BA C 
when the ratio AQ B: 


[ 


— — * 


tiples of N. Hence all pri 
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monical proportion; and theſe three 6, 55 35 or theſe 12, 10, 4, 
are in contra - barmonic proportion. 


120. Corol. 10. From the arithmetical of odd 


numbers, 1, 3, 5, 7 9» 11, 13, 15, 17, 19, Oc. which may 
be continued for ever, we have ſhewn how all powers 

numbers in the natural progreſſion, 1, 2, 3, 4» 5» 6, 7» 8, 9, 
10, Sec. may be produced by addition only (107). Further, this 
ſame progreſhon of odd numbers, i extended, contains 
all PIR NumBERs, except the number 2; and the law of 
the progreſſion is ſuch, that between every two multiples of any 
number N, as they fand in their natural order in the ſeries, 
there conflantly intervene N—1 numbers, which are not mul- 


numbers, except the number 2, 
may be obtained from b © age tbr dens or torr 
following operation, which RSLY f takes to be that called 

Tn SVE OF ERATOSTHENES. 
Let the ſeries of odd numbers be continued indefinitely, 


bs 3.5, 7, 9» 11, 13, 15» 17, 19, 27, 23, 28, 27s 29, 30, 


33» 33» 37» 39» 41, 43, 45» 47, 49, $1» $3» $5» $7» 59 61, 
G3, 65» 67, 69, 71, 73» 75» 77» 79» 81, 83, 85, 85 89, on, 


93» 952 97» 99, 101, 103, 105, 107, 109, 111, 113, 115, 117, 


119, 121, 123, 125, 127» 129, 131, 133, 135» 137, 139» 141, 
143, 145, 147, 1493 


151, 183, 155, 157, 159, 161, 163, 165, 
hw (+5 one ths cen of the ſeries following the 
nu 
all the multi 


+ Philoſophical Tranſactions, vol. 62. p. 527. 
} The numbers expunged have à point placed over them. 
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ing every eleventh number, if not expunged before ; and 
thus, all the multiples of 1.1 will be — which were 
not before exterminated among the multiples of 3, 5 and 7. 
(5-) Laftly, continue theſe expunctions till the firſt uncancelled 
ene. 4 gh oy next to that whoſe multiples have been laſt 
expunged, is fuch, that its ſquare is greater than the laſt and 
greateſt number, to which the ſeries is extended. The numbers 
which then remain uncancelled, are all the prime numbers, ex- 
cept the number 2, which occur in the natural progreſſion of 
numbers, from 1 to the limit of the ſeries. 


Thus, the following numbers are all primes, viz. 

1, [2], 3» 5. 7» 11, 13, 17, 19, 23. 29, 31, 37. 41, 43» 47, $3» 
89, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 109, 113, 
127, 131, 137, 139, 149, 151, 157, 163, Ge. 


121. The natural progreſſion ©, 1, 2, 3 4» 5, 6, 77 8, 9, 
10, &c. indefinitely ded, comprehending all numbers, prime, 
compoſite, &c. let n repreſent each term of the ſerics of natural 
numbers, indefinitely extended; then, n x 6-1 and nx6+1 
will conſtitute a ſeries comprehending all prime numbers, except 
the numbers 2 and 3. N | 


122. Corol. 11. General theorems, reſolving all the caſes of 
SIMPLE INTEREST, relative to annuities, penſions, rents, &c. 
in arrear or reverſion, may be derived by ſumming the terms of an 
arithmetical progreſſion Thus, ſuppoſing p to repreſent any 
principal ſum lent out for the time t, and that r is the rats of 
the rate, or the intereſt of 1 J. for one year, then the intereſt of 
any principal p, being manifeſtly in the compound ratio of the 
principal p, time , and rate r; therefore, ſuppoſing that £ is the 
amount of the principal p, and its intereſt f r p for the time t, all 
the varieties in this cafe are reſolved from the general equation 


1 -+rt xp=s5, as in the following table. 


112 


Ps ry 1 s=1+rt * 
I 
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123. Suppoſe now a to repreſent any annuity, penſion, rent, 
Sc. in arrear ; then, ſince r J. hath the ſame abſolute ratios to 
its rate (7) as any annuity, c. (a) to its rate (a r); therefore, 


a * I iſt year's amount. 
a * ad year's amount. 
a * 1 ＋ 27 3d year's amount. 


ax1+3r 4th year's amount. 
Sc. Sc. 


— — 


Univerſally, a i: + t—1 x amount for time, f. 


But the number of terms of this ſ:ries being t, the ſum is 


1—1 


ta x14 r (10r, 103); and from this equation, all the 
2 
varieties in this caſe are reſolved as in the following table. 


.- i | 11 
a, t, 1 [=tax 14 — 1 
on 2 7, 
1 1 
ug t, r == — X g » — 
= 1 1—1 0 — 
1 + r 
3 * 2 SHR 
+ % 8-358 
f—1 * 4 1 


—ů—ůůů— 
= 


 W# r 

* 4 1 an, o . 

124. But if à repreſents any annuity, penſion, rent. &c. in 

reverſion, then, ſince the amount of 1 J. (122) for any time, 

(1 + & 7) hath the ſame abſolute rat ia to 1 l. as the amount (123) 
{—l 


of any annuity, Sc. (t a x I + ya r) to the preſent value (s) 
of ſaid annuity, c. therefore all the varieties in this caſe, will be 
reſolved as in the iollowing table. 

= 


r 
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for 2 


& + + +=, 
=I 4a * 2 2 
. 1e 
| | „ 
Sy, Tl a= — x Fer 
N 1—1 
2 


4 N 
85 25 n 
Ss, 15 a | i= mov ad = 


115. In computing the intereſt of money for any aber of 


days, not exceeding a year, at 5 J. per cent. the following de- 
monſtrative practical method may be uſeful : Let the product of 


the principal ſam by the number of days be advanced' four places 
to the right hand; multiply this number by 3, advancing the pro- 
duct one place to the right hand; ſubtract the latter advanced 
product from the former, advancing the remainder one place to 


the right hand; then, the ſum of the two advanced products, 


and advanced remainder, diminiſhed by itſelf, when advanced 
four places to the right hand, will be the true intereſt required. 


Th 


Þ find the intereſt of 42391. 158.4. (=4239-76h) | 
4239-767x256=1085380.352 advanced 4 places 108. 5 3803 
108. 53803x3== 225. 61409 advanced 1 place 32. 50151 
From 108. 53803 9 2597662 
Take 32. 50 141 5 Remainder advanced i place 7.59766 


From the ſum "EE 148.0971 


Take itſelf advanced 4 places , *o.0148 


Remains the intereſt required -*- .-- ͥ 
T bat is, 14 (. 135. 734 


126. 


„ n 


and ſind the other numbers in the table. 


ANALYSIS: 115 


116. Intereſt-table for any ſum of money, from 1 million to 
t J. for any number of days, and at any rate. 


I. S. D. S. Numb. L. S. D. 2. 

tooooco | 2739 14 6 o, 99 1000 [2 14 9 2,14 

I 9000002465 15 © 3.29 goo [2 9 3 3.12 

8o0coo 2191 15 7 1,59} 800 |2 3 10 Oui 

700000 191% 16 1 3,89] 700 [1 18 4 1,10 

1643 16 8 2,19] 600 |1 12 10 2,80 

1369 17 3 O49] 500 7 5 370 

1095 17 9 2,79] 400 |' 1 11 0,0 

| 821 18 4 1,09] 300 [o 15 5 1440 

547 18 10 3,40] 200 [0 10 11 2,30 

273 19 5 1,70] 100 [0 5 5 3,01 

| 246 11 6 , 32] go [0 411 0,1 

219 3 6 og6] 80 [ 4 4 2,41 

| 298 15 7 9] 7019 30 on 

164 7 8 o, 22] 60 [O0 3 3 1,81 

136 19 8 2,85 50 0 2 8 3,51 

109 it 9 1,48] 40 * 2 2 1,21 

84 3 10 ont] 30 [0 1 7 0,90 

54 15 10 2,74] 200 1 1 0,60 

27, 7 41 1,37 10 10 © 6 2,30 

24 23 3 $33] g91j2 © $ 37 

2118 4 1 0[ 8 Jo o 5 1,04 

19 3 6 29 710 9 4 241 

16 8 9 o, 619 O 3 3.78 

13 13 11 519 © 3 15 

oo 10 19 2 410 o 2 2,52 

2 30 0 1 3.39 

| E 2 1% © Þ 1 

10co|. 2 14 9 140 0 o 263 
To ſind the intereſt of any ſum of money by the table, multiply 
the principal ſum by the number of days, and this product by the 
rate per cent.: cut off the two laſt figures to the right hand, 


W „ 


: 
: 

= 

| 

: 

f 
4 o 

» 
_ 
i} 


a +: 
= A 


N o 8 1 


„ 


— 
4 5 
— . ö 
- 22 ˙ — . 
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256 . 
Thus, in the former example (123) 4239-767xg; caxdghorgd 
Then 50000 L. 136 19 8 ganz 


127. If we aſſume any quantity at pleaſure, and therefrom de- 
rive a ſeries of terms, by equal multipliers or diviſors ; the terms 
of the feries are ſaid to be in Cox rixuED GEOMETRICAL 
PROGRESSION (99) : And the ſum of all the terms of the ſeries, 


except the laſt term, will have the ſame ratio to the ſum of all 


the terms, except the firſt term; as the common multiplier or 
its reciprocal to Unity. 


DEMONSTRATION. 
Let a, v, repreſent the two extreme terms in a continued 
geometrical progreſſion, whereof r or % is the common multi- 


7 r 

plier, n the number, and 3 the ſum of all the terms: Then, ac- 
cording as we take @ or v for the leading quantity, the ſeries will 
P expreſſed by the following terms, viz. | 


U V v v | V | | 
; 9 —2 — — — 89 0 69 0 - (Sa) 
B r yo? of 69 71 


or (8) vr , ur, ur-, vr. r (=a) 
And from theſe ſeries, it appears by inſpection, that 2—4 — 
$—v x (A) or S—@ = $—v * (B); and thereſore (16) 


1 
the ratio j—a: - r: 1 (A), or the ratio —4: j—v = 
21 (8). 


128. Corol. 1. Since a SP" =" or v "=a(127) 


' . I 2 
therefore, the ratio 1: 7 n — 2 4: v, or the ratio 1: 


—=v:& (16). 'Thus: in any continued geometrical progreſſion, 


there is the ſame ratio between unity and that power of the com- 


mon 


— "5 
Cr 


1 
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mon multiplier or diviſor, whereof the exponent is the exceſs of 
& the number of terms above unity, as there is between the two 
66 extreme terms. | 


129. Corol. 2. Hence, in a continued geometrical progreſſi- 


on, if any three of the five quantities a, v, r, u, and s, are ſup- 

{ed y 6 be GIVEN, the remaining wo may be determined, as 
in the following table, where the expreſſions belong to an mcrea- 
ſing progreſſion, and may be applied alſo to a decreaſing progreſ- 
ſton, by making the quantities @ and v change places every 


where. 
ny REPS DETERMINATION. 
— [che Suppoſe" . 222 
— Ir ee he nl 
I. * ; 1E * r *—1 ax A 
2 | | — aw 0 
| | [nn & v—=£ 4 +13. 
| 3 L, r 1 
We an * 1-4 . 9—E6 22. 
3 1 _—_— 
| | | . 2 83 xs ＋ 2 — IL, 4 
m. %, ö 4 ZH L; ' 2 ph 
| | i — 217 —1 . _,__ -—2_ 
_ 3 3 
| | H „ 
IV. 4, j = — L, — = 
| | | $= — * „ „ 
by | | t 4 $5—v — of 
7. fy OE” 
| uy : wer 7" . | 
| . 4, 155 I | Equation - x v] "a 2 A k- 1 
| Equation — —7 = — 1. 
ö 1 | rl FR 4 8 | 2 1 
VI. 


8 8 


VII. 
VIII Ir, v,, —— 
1 21 * . —— 
5 4 ＋ 8 | I 3 | 
| | PEE 1 
IX. r., 1 Ä - — — 
f S[= r"— 5x 2 = ©” x . . 
? 2—1 | Q OLIN 
1 Equation * . · g == x5—o. 
X. In, v, | = F _ 1 21 : 
| | | 1 | 171 
| | r1Equation —᷑¼ — . 2 .- 


130. Corol. 3. As the quantities a, v may change places 
every - where (x 27, 129 ;) therefore, in any continued geometrical 
progreſſion, fince the ratio 1:1 = 5—v : - if we always ex- 

und r (which is generally called the common ratio of the ſerie:) 
* the quotient of the greater by the leſſer contiguous term, we 
ſhall have univerſally the ratio 1 : — 1 = 5—v : via (13). 
Thus: in any continued geometrical progreſſion, there is the 
ſame ratio between unity, and the exceſs of the common ratio 
above unity, as there 1s Sear the excefs of the ſum of all the 
terms of the ſeries above the greateſt or leaſt term, and the diffe- 
rence of the two extreme terms. | 


131. Corol. 4. From the geneſis of a continued geometrical 
progreſſion, it appears, that one of the extreme terms, repeated 
as often as there are units in the other extreme term, is always 

= equal 
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equal to any immediate term, at any diſtance from one of the ex- 
tremes, repeated as often as there are units in the intermediate 
term, equi-diftant from the other extreme; and if the number 
of terms be odd, then one extreme term, repeated as often as 
there are units in the other extreme term, is always equal to the 
ſquare or ſecond power of the middle term. 

132. Corol. 5. Between the adjacent terms of any continued 
geometrical progreſſion, there always obtain equal ratios ; and 
the ratio of the two extreme terms is ſuch a multiple of the com» 
mon ratio of the ſeries, as is denoted by the number of equal 
ratios, from one extreme term to the other. 

Thus, in the ſeries a, ar, ar*, ar, ar“, ar, . ar”, 
ar, the ratios @ : ar, ar: ar, ar* ar, ar: ar, ar! 


ar* . . . ar® : a are all equal; as being each equivalent to 
the ratio 1: 1, which is therefore the common ratio of the ſeries ; 


and the ratio a: * * =1:r"=n—1x1:7r (5). 


133. Corol. 6. By ſtating the equal ratios between the adja- 
cent terms of a continued geametrical progreſſion, as in the laſt 
corollary (132) ; it is obvious, that —a is the ſum of all the an- 
tecedent, and 5—v that of all the conſequent terms of the ſeries 
(127); and therefore, in any continued geometrical progreſſion, 
the ratio | any two adjacent terms, taken in ſucceſſion, is 
always equal to the ratio between the ſum of all the antecedent, 
and that of all the conſequent terms of the ſeries (15). 


x34. Corol. 7. If out of any ſeries of quantities in continued 

geometrical progreſũon, there be taken any ſeries of equi · diſtant 

terms, that ſeries will alſo be in continued geometrical progreſ- 
ſion. Thus, let the propoſed geometrical progreſſion be, 


a, ar, ar*, ar,, ar“, ar*, ar“, ar”, ar*, ar“, ar'®, &c. 


| a, ar, ar, ar“, ar, ar“, &c. 
Then, the ſeries | 


a, ar*, ar“, ar?, &c. 

ar, ar, ar*, ar”, ar?, &c. 

wy Ec. oY &c. 
are all in continued geometrical progreſſion (127). 


135. Corol 8. Suppoſing the leading quantity « of the gene- 
ral feries a, ar, ar*, ar, ar“, ar*, ar*, &c. equal to unity; 

it is obvious, that the terms 1, r, , 73, , rf, , &c. are 
in the ſame continued geometrical progreſſion as before; and 

therefore, by the laſt corollary (134) the following ſeries are all 
in continued geometrical progreſhon, viz. 

I 8, 8%, #*, #*, #5, re. 
% % „ 8%, 8 *, #5, See 

. | I, r*, F®, 7 A FE. goo. &c. | 
Univerfally, 1, * r, pin, pa", rin, Oc. Thus: 


OO , 
- 


| 
? 
: 


| | a | a 
propoſed decreaſing ſeries, viz. a T7 +5 +735+7J 2 ec. or 
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Thus: in any continued geometrical progreſſion, if the ſirſt 
term be any power, then all the other terms of the ſeries are fimi+ 


| ar powers, or powers under the ſame exponent. 


136. Corol. 9. The ſeries a, ar, ar-, ar, ar, * © © + © & 


ar, and a, ar, a”, ar *, ar*, . © ar , may be 


conſidered as derived, by repeating the terms of a ſeries of equal 
quantities, a, a, a, a, 2 a a8 as there are units 
in the correſponding terms of the continued geometrical progreſ- 
fons 1, ry r*, ri, r*, „„ + - #2 and Ig * mo f-3, 145 


...: and hence it appears, that the common ratio of 
any continued geometrical progreſſion is not changed, by taking 
any equimultiples, integral or fractional, of all the terms of the 
hon (132.) The moſt fimple continued geometrical pro- 
s, therefore, are ſuch, whereof the firſt or initial term is 
unity. Thus, ſuppoſing m to repreſent any number, the fol- 
lowing are the moſt ſimple continued geometrical progreſſions, 


in the ratio of 1 to 7® or r . 


I, *, r*mg r*, n, In, , &c. 
1, r, , poim, ., "rar *, Ce. 
85 or (7, 8) | | 
E n, Tc. 
| yo, , pm, , poem, , , Cc. 
In theſe ſeries, the exponents of the terms are evidently in con- 
tinued arithmetical progreſſion (101); and the ratios of the terms 
of the ical progreſſion, to the firſt term, are denoted by 
theſe exponents; or, the exponents are LoGaziTHMs of the 
correſponding terms of the geometrical progreſſion. 


137. Corol. 10. Since, in a continued decreaſing geometrical 
progreſſion, the ratio 1 ; —1 = 5—a : a—v (130); therefore, 
ſuppoſing v to vaniſh, or the decreaſing ſeries to have 79 lajt 
term, and in this caſe, the ratio 1: r—1 = 5—s: a which gives 


ra i | I 
= re (16): and this expreſſion r @ x NN 


is therefore the LIMIT of the ſum, ſuppoſing the ſeries continued 


indefinitely ; that is, ſuppoſing the ſeries continued to a number 
of terms, greater than any ailignable number. For, if we re- 
I 


ſolve the expreſſion r a x by divifion (7); or by Sir Ilzxc 
Newton's binomial theorem (78), we ſhall obtain directly the 
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1 x 
2 * 117 12 ＋ &c. which ſeries may be conti - 
nued for ever; and as the ſum of this ſeries varies continually, 
according as the number (n) of terms vary, ſo the varying ſum 
conſtantly approaches nearer and nearer, ro the determinate 
1 


quantity r* -,, and may, by increaſing the number (u) of 


terms, be brought nearer to this quantity than by any aſſignable 

difference; but can never, by any acceſſion of terms, be made 

actually to reach, much leſs to paſs beyond it; for the determi- 
1 

nate quantity r 4 * ariſes only from the ſuppoſition of the 


ſeries having no laſt term, or from that of its being continued in- 
definitely. Here all the varieties which can take place are exhi- 
bited as in the following table, viz. 

| I 


— — 


a, rj SSErax_ 


[ | 1 
HR 


I 
ry 2 7 


138. Corol. 11. Let a, b be the two initial terms of a ſeries 


| a | 
decreaſing indefinitely ; then, ſince 3 = r (1,0) the LIMIT o 
| A / 
the ſum 1s t | — 333 and hence the ſeries it- 


* * 
ſelf is a +6 + 7 +71: + 55 +» Sc. indefnitely or, 4 x 


8 + ; 5 _ 1 
4 — ＋ 2727 2 +, &c. indefinitely; with which ſeries, 


any decreaſing geometrical progreſſion may be compared, and 
the LIMIT of the ſum of conſequence determined. 


139. Corol. 12. Suppoling n, m to repreſent numbers, then, 
from the terms of the continued geometrical progreſſion, u, 
r n the Couosi rio of 
qua tities may be derived. Thus, the compoſition of m quanti- 
ties in n is , that of n—1 quantities in 2 is %, that of m—2 

Q | quantities 
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quantities in u is n"”*, and ſo on; and hence, from the ſum of 
this continued geometrical progreſſion, (130) we ſhall have this 
expreſſion n x — 

| X — 1 72 —1 
all the ſeveral compoſitions or changes there may be of n quanti- 
ries, combined all poſſible ways, or taking them by one's, two's, 
three's, &c. to m or n. Thus, all the compolitions or changes 
of 4 quantities is (n"=) 4* = 256, taking each time 4; and 


therefore, n x .—. = 340 is the number of all the compoſitions 


122 


or (taking m=n) n x —.— 


which denotes 


| n — 1 

or changes of 4 quantities, combined all poſſible ways: Thus al- 
fo, all the compoſitions or changes of 24 quantities, is (n"=) 
24** = 13337357768 50284124449, by taking each time 24; 
and therefore, the number of all poſſible compoſitions or changes, 
| | 28—1 | : 

in this caſe, is an* „ =13917242388872529994251284934 
©2200, and ſo many ways may the 24 letters of the alphabet be 
put together among themſelves. 


140. Corol. 13. According to EvcLip *, a number which 
is equal to all its aliquot parts taken together, is a PERFECT 
NUMBER. And i, from unity, there be taken a ſeries of num- 
bers in the ratio of 1 to 2, (136) cantinued to ſuch a number of 
terms, that the ſum of all the terms is a prime number, the pro- 
duct of this ſum, by the laſt term of the ſeries, will be a perfect 
number . Suppoſe, therefore, S +2 +$4+8.... + 
28 where g is a prime number; then 25s =2 +4 +8 + 
16. . +$2** +2"; and therefore, (25 —5=) = e ·- : 


— — — 


whence, according to EUcLID, 2, x 2%—t, ors x 2 is a 
perfect number, 2»—1, or s, being a prime number. Since then 


Ss = 2"—1, therefore s ＋ 1 = 2” = 2 „ 2*"*, (6), and 
21 2 


1 1 2 1 (Ax. x); whence, by Prop. XIX. (40—44). 


5 ＋ 1 = 2, 4 6, 8, e. (com. Diff. 2.) 
22 — I, 2, 35 45 Oc. Ditto I.) 


Taking then, s ＋ 122, 4Fs = tn, 3 
„ 27 ”* 2k, 2 
And from theſe two initial values of s and 2 (which give the 


firſt two perfect numbers 1 and 6) all the other values may be ob- 


tained, by continuing the ſeries therefrom, (42) ; conſidering on- 


Definition XXII. Ecok VII. + Euclid, Eook IX. Trop. XXXVI. 


Fa 


1 
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ly that s muſt be a prime number, 2z—t1 an even number, and ot 
conſequence n an old number. Thus, 


12 Iz —It-Lzxz IAT INT L225 — 


L e POT odd BR ws "fer 
=> -2 |} is 1 1 9 


I IAA —iftCzx zT IIa ige. 


2 $-2 2 1 27 4-1 | 2*5-*N 5c. 
C --0-F- 0 
This ſeries, which may be continued for ever, will aſſi n all per- 


fect numbers; and that in a more gencral and detzrminats man- 
ner, than any other ſeries which hath hitherto been given. 


141. Cocol. 14. Two numbers, A, B, are fail to be an 
ABLE, when all the aliquot parts of A taken together make up the 
number B, and thoſe of B taken together make up the number A; 
ſo that amiable numbers may be conſidered as interchangeable 
perfect numbers. And univerſally, if 2, (where n is an affir:ma- 
tive integer), be taken ſuch, that 3 * 2%—1, 6 x 2*—1 and 18 
x 2*"—1 be prime numbers; then, 2"1 « 18. 2**—:1 ſhall be 
an amiable number, and 2 x 3. 2»—1 x 6. 2%=:1 its partner ; 
Or, ſuppoſing 2 and that 3 Q=1, 6 Q—1 and 18 Q*— 
are prime numbers, then 2 Q x 18 Q*—1 and 2 Q x z Q—: x 
6 Qn, are numbers amiable to one another. Here expounding 


un by 1, z, 6, the firſt three pairs of amiable numbers are 284, 
and 220, 18416 and 17296, 9437050, and 9353584. And this 


general theorem, according to SCHOOTEN * was firſt given by 
the celebrated DES CARTESs. 


142. Corol. 15. General theorems, reſolving all the caſes of 
Courouxp INTEazEsT, relative to annuities, penſions, rents, 
Sc. in arrear, reverſion, or perpetuity, may be derived by ſum- 
ming the terms of a continued geometrical progreſſion. Suppoſe 
p to repreſent any principal ſum lent out for the time f, r the 
rate, or the intereſt of 1 J. for one year, and R (=1+-r) the a- 


mount of 1 /. and its intereſt for one year (called here the ratio of 


the rate); then, ſince the ratio 1: R R: R RL: RRZ: 
R“, Sc. (136) therefore R* will univerſally be the amount of x J. 

any time denoted by : whence, fince the amounts are in the 
ſame ratio with the principal ſams, therefore, ſuppoſing s to be 


the amount of the principal p, and its intereſt p R* tor the time , 


* Sefliones Miſcellam, p. 423. 
_—_— all 
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all the varieties in this caſe are reſolved from the general equation 
p R, as in the following table: 


p, N, t|p Rt=5sor L,p +t * L, RL, 


** 


s | 
S, N, I = Der L. p =I, -x L, R 
L. 7 TL, 5 


4, R, t 2 8 


1 7 1 
, P. UR 75 = 3 


143. Suppoſe now à to repreſent any annuity, penſion, rent, 
Gc. in arrear ; then, ſince the laſt year's annuity, &c. bears no 

üntereſt, as tarying out no time, the firſt year's annuity, &c. will 
therefore univerſally be repreſented by a R: whence, deriving 

a ſeries by this propoſition (127), from the quantity a in the ratio 

1: E we ſhall have a FaR+aR* TR... +6& RE 

Ri—i 
=, of N (129, 130;) and from this general equa- 


_ all the varieties in this caſe are reſolved as in the following 
=_- | 


2 R.—1 
a, E, R S=4&4X r (142). 


I 


wt, Bl FIX 1 


— - 
3, & a aR—R="—: 


4 R. a t= 4 
| - 
144. But, if @ repreſents an annuity, penſion, rent, &c. in 


rzverſion, then, ſince the ratio 1: > =@: I the preſent worth 
of the annuity, Ec. @ at the end of one year will therefore be 


y 


: whence, deriving a feries by this propoſition (127) from the 
_ quantity 


I 
quantity I in the ratio 1: N we ſhall have I + * * 


.. . + = org = N (129, 130); and from this 


equation, all the 
lowing table: 
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4 * 
** ＋ os 


varieties in this caſe are reſolved as in the fol- 


| I 
—7 
a, f, R = a x (142) 
— — 
4 f, R[a==r5x 8 
| lr 
1 & | t+1 a 
4, f, alt + "xXx Rt—R =. 
L, a— L, a—rs 
Sy R, a 42 L, R alia 
4 4 4 


145. If we ſuppoſe the progreſſion > + Þ: +55 + "Ep: 


| a | | | 
-- > ry (144-) to have no laſt term ; then, on this ſuppoſiti- 


on, @ repreſenting a PERPETUITY, or the 


y rent of a 


FaEkE-HOL D ESTATE, all the varieties in the buying and ſelling 
of eſtates in fee · ſimple, may be reſolved from the equation 3 = 


a „r (137) as in the following table: 


146. And if we ſuppoſe N to repreſent the number of years 
purchaſe à is worth, then, Na (= 5) being the worth itſelf of a, 
therfore, inſtead of @ ſubſtituting its value (r 5) from the fee- 


ſimple equation (145), and we ſhall have Nr =:. 


Ul 


Thus, the 
number 
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number (M) of years purchaſe a fee-fimple, is worth at the rate X 

pe, & 
of compound intereſt is . and the rate {R) of compound in 


r 


tereſt, at which the purchaſe-money of a fee · ſimple is valued for 
N years purchaſe is 1 + 7. | 


0 333 1 1 1 1 
147- Laſtly, fince (EL) Er T. + 23 + 57 + 
&c. therefore, the ſum of the values of 1 /. for the ſucceſſive years 
of the life of a perſon of a given age, would be expreſſed by this 
ſeries, were there no contingency in the caſe. And to allow for 
e table of the probabilities of life muſt be uſed; and 
hence may be computed the following tables: 


TABLE 
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TABLE I. by Mr Thomas Simpſon, ſorwing the value of an 
aunuity of 1 1. upon one LITE. 


- 
33 2 2 Sc Cl 
[SE] .E|.E [EE]. 
| 2S[ESES;wIASIES 
Is Ns A8 
Ml | & val * 

kill 
6 141 16.2] 18.8 41 | 10-2] 11-4 
7114.2 16.3] 18.94 42| 1G-1 | 11-2 
$] 14.3] 16.4] 19.0 4310011 
9114.31 16.4] 190 44] 99119 
10 14-3] 16.4] 19.0 45] _9 10.8 


N 14.3 "16-4 9.046 9-7] 10-7 


18|13-4] 15-2] 17-6] 53 8 9-6 
19 13-2] 15.0] 17.4] 54] 860 9-4 
| 20] 13.0] 148" 17-2] 55! 8-5] 9:31 
21] 12.9 14-7] 17.0, 56] 5.4] 9-1 
22 12.7 14-5| 168] 57} 82] 8.9 
| 23] 12.6] 14-3] 16-5] 5S] 5-1] 8.7 
24] 12.4] 14-1] 16.3] 59 8.0 8.6} 
251 12-3 14.0 16.7 60] 7.9 8.4 9.2 
| 26] 12.1] 13.8} 15-9 51 7.-| 8.2] 8.9} 
27 12.0] 13.6] .5.6]62| 7-6] 8.1 
| 28] 11.8] 13.4] 15-4| 63] 7-4] 7-9] 
apy 55-71 130 15.2Þ64| 7-3] 7: 

Gf 13-0 15.0] 65) 7.1} 7-51 
| 72.0 14-8 3 j 
12.7 4.6167 | 2 7.1 7.6 


12.6 14.4168 6.6 . 
12.4 | 14.2 [69] 6.4 7-7] 7-0] 
12.3 41 

12.1 13971 6.0, 6.3 6.7] 
11.9 13.77] 5-8; 6.1] 6.5 
11.8 13.573 5-6} 5.9] 6.2] 
11.6 13.3074] 5-4] 5-0] 5.9 
3 [14-5 13-2[75] 5-2] 5-4] A 
* Simpſon's Select Exerciſes, p. 260. 
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TABLE II. ſewing the value of an annuity of 1 1. uþon one 
LiF, ſuppoſing the decrements of life to be equal. 7 
| | |S. 8 < S. „„ 

2 8 . L 5 8 68 9 
2818 1 2 n Y 
. — 2 eo . ones UA — VO | 
s Ss EES sss 
14-54] 16.79] 194114; 12.68] 14-19| 
14-61] 16.89] 19-87] 44] 1.29 12.50 | 13-96 
14.6'] 16.89] 19.87] 4+] 11.14] 12.32] 13-73 
14-54] 16.79 19-74] 46] 10-99 | 12-14] 13-49] 
14.48 16.69 | 19.60 f 47] 10.84 | 11.94] 13-25 
| 14-41 | 16 61 | 19.47] 48 | 10.08] 11.75 | 13.01 
14-34 | 16.51 | 19-33 49 | 10-52 11.55 | 12.96] 
144-27 [16.41] 19.19] 50 10-35] 11.34] 12.51 
14-19 |.16.31] 19.05] Fl | 10.18] 11.14] 12-26] 
| 14.12 } 16:21] 18.91} 52] 9.99 f 10.921 11.99 
14.05 16.11 18.76} 53] 9-82 1c.70| 11.73 
13.97 15.99 18 6154 9.63] 10.48] 11.46 
13.89 15.89] 13.46] 55] 944] 10.25] 11.18] 
13.81] 15.79] 18.31 | 56] 5.24 10.02] 10.90| 
13-73] 15-67) 18.15 $7] 9.04 9-77 | 10.62| 
13-64] 15-55] 17-99] 58) 8.83] 9.53] 10433 
13-56] 15.44| 17-83] 59 8.61| g.28| 10.03 
13-47 | 15-32 | 17.66] 60] 8.39 9.02] 9.73 
13-38] 15.19] 17.49] 61] 8.16| 8.75] 9.42] 
134.28] 15.07 17.33* 62] 7.93] 8.49 9.12 
13.191 14-95| 17.15} 63] 7.69 8.21 d.7g] 
13.0G | 14.82 | 16.98 64] 7-44 7.92| 8.46 
12.99 | 14-08 | 16.80] 65] 97.18] 7.63 8.13 
t2.89| 14-55 | 16.62] 66] 6.92] 7.33 7-79| 
12.70 | 144! 116.44} 67] 6.43] 7-03| 247 
12.77] 14-27 | 16.25} 68] 6.36] 6.71| 7.09] 
I2.57] 14-13] 16.806169] 6.07] 6.39 6.74 
12.45] 13-9S| 15.86 70] 5.78 6.07] 6.38 
12.33] 13.83 15.67] 7! 5.47 5.73 6.01 
12.21} 13.68 15.4772 5.15 3817553 
12.09 13.52 15.26] 73 4˙83 5.03 5.25 
11.97 [13-36] 15.05} 74} 4-49] 47| 485] 
11.84 |13.19| 14.84] 75 | 414) 4-29| 445] 
11.71 [13.03 | 14-63 76 3-78] 3.91] 401 
11.58 12.80 14.4178 3.42] 3-52| 3-63] 


No 
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* Dodfon's Repoſitory, vol. 2. p. 


169. 


te. By increaſing the numbers in table 11, by z of a year's 
purchaſe, 
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purchaſe, to 54 years of age, by } from 54 to 70, and by $ from 
annuity (SECURED BY LAND) of 1]. per annum, on 2 


fingle life; ſuppoling the decrements of life to be equal 


148. In the caſe of a fimple annuity, (147, Tables I. and II.) 
the heirs of the annuitant are not entitled to any thing, if the 
annuitant deceaſes before the term of payment; in the caſe 
of an annuity ſecured by land, the heirs of the annuitant are en» 
titled to receive a ſum of money proportional to the time elapſed 
between the laſt payment of the annuity, and the time of the 
death of the annuitant : Thus, the value of a life of 40 years of 
age, at 4 I. per cent. compound intereſt, is 11.5, by Table I. 
and 13.19 years purchaſe, by Table II. and the value of an an- 
nuity ſecured by land for the fame age and rate, is 13.412 years 
purchaſe nearly : Thus alfo, the value of a life of 66 years of 
age, at 4 |. per cent. compound intereſt, is 7.3 by Table I. and 
7.33 by Table II. and the value of an annuity ſecured by land, 
for the ſame age and rate, is 7.66 years purchaſe nearly. | 


ProrosITION XXX. 


Nee 
„ee PROPORTION ; one of theſe 
quantities being always as the other: And any one of the terms 
of a general proportion may be multiplied or divided by any 
——_ R: r, then to expreſs 

ratio Q; q R: r, t to 
proportion between Q and N, or between 


q 
— of 


* Sce Dodſon's — vol. Ill. 


ject 
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ject by the illuſtrious * Sir Ifaac Newton, that any term of an a- 
by Tppotnion, the rao Q:q Ken nd be the rai 
R:r=—R:—r where m, n may repreſent any numbers 
whatever ; therefore, according to the notation explained in this 


propoſition, when Q- R it is alſo Q--— R (Az. IV.) 


150. Corol. r. „ the ratio Q:q=R:r=S:5, 
Ge. then according to Bs tt is hls opti 


we have Q--R, R --S, Sc. as alſo Q. 8: Therefore, if one 


quantity Q 1s as another quantity R, and the quantity R as an- 


other quantity 8, &c. then will the firſt quantity Q be as the 
laſt quantity 8. 

151. Corol. 2. Suppoſe the ratio Q: g= R: r = 8:8; 
rene e 
(2x Q: g = R: T ＋ 88 or) the ratio Q* : qf = RS:rs 
(5) therefore, when Q--R and R.. 8, it is Q+R = 8, as alſo 


cond quantity R, and the ſecond quantity R as a third quantity 
S 3 t quantity Q be as the ſum or difference of 
the ſecond and third quantities R, 8, and alſo as the mean pro- 
arti ween them (16.) | 


Q:q=z 


2 - ag 3 | — 2 
r » (5, 7) : Therefore, when Q. R it is alſo Q R. 
That is, both the terms of any general proportion may be any- 
how equally involved or evolved. 

153. Corol. 4. Suppoſe the ratio Q:q=zR: r, and let 


8 : 8 be any other ratio; then, ſince : q 2 Ss Rr 
==5 : (VI, VIII, Ax.) or the ratio QS : qs = RS : rs 


2 


quantity 


* Principia, B. I. Lem. 10. Scholium. 
154. 


— 
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then will QO RT : For, fince, by ſuppoſtion 8 · T, therefore 
RS RT (153) and of conſequence Q. RT (150). Thus, in 

ion, inſtead of any variable quantity may be 
— * — 


both terms by R, we have 1 (153); but unity is a given 


invariable quantity, and therefore 
1 quantity, or is always the fame, let the quantities Or R be 


is alſo a given invariable 


156. Corol. 7. Suppoſe the ratio Q:q=R:r, and the ra- 


Q:q = S:3 =R:r = T:r 
S:qs—=RT:rt (3) as alſo the 
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IS when R is invariable; then, when both the quantities 
R, S are variable, it is Q. RS. | 

159. Corol. 10. And in the fame manner it may be demon; 

| 4 
ſtrated, that if Q ++ R when V is invariable, and Q — when 
is invariable ; then when both the quantities V, R are varia- 
I 

ble, it is Q. R. 
160. Corol. 11. Let there be any cauſe A which produces 
the effect E in the time T; then, ſince we can judge of a cauſe 
by the effect which it can produce in a given portion of time, it 
is evident, that every effect produced in time depends net only 
upon its immediate efficient cauſe, but alſo on the time wherein 
the cauſe acts or exerts itſelf ; and hence, hy increaſing or dimi- 
nĩſhing the time, the effect will be equally increaſed or diminiſh- 
ed, allowing the cauſe to remain the fame ; and by increaſing or 
diminiſhing the cauſe, the effect will be equally increaſed or di- 
miniſhed, ſuppoſing the time to remain the fame. Thus, then 
E- T when A is invariable, and E. A when T is invariable 
rn variable, it is E 
AT. That is, the effect produced is always in the compound 


161. Corol. 12. Since then univerſally E · AT, therefore 
Ex T and Er A. Thatis,the time ofproducing an effeGt 
is as the ſaid effect directly, and its efficient cauſe reciprocally ; 
and any efficient cauſe is directly as the effect which it can pro- 
duce, and reciprocally as the ti 

162. Cotol. 13. If we ſuppoſe the effect (E) to be invaria- 
ble, then AT 1 (155) and of conſequence A Fer * 4— 
Thus, with regard to a given effect, the efficient cauſe is recipro- 
cally as the time, or the time reciprocally as the efhcient cauſe, 


163. Corol. 14. In the general theorem (160) E AT, ſup- 
poſe that A+ T; then in this cafe, E A* or E T“. That is, 
when the efficient cauſe is as the time, the effect produced will 
be in the duplicate ratio of the efficient cauſe, or in the duplicate 
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A.—PROPOSITION I. 


164. Arbiriox being the collecting together of quantities into one fum 
or aggregate (Def. IV.), preſerving their ſigns, and uniting ſuch as can be 
united (Prop. I.); it is evident, that quantities expreſſed by different ſym- 
bols can be repreſented only as added together, by being brought into one 
expreſſion under their ſigns: And like quantities being multiples of ſome 
fame quantity (Def. XII.), theſe, when affected with the fame or like 
ſigns, are added together by adding the coefficients, to the ſum adjoining the 
common quantity, and preficiing the common ſign ; and when affected with un- 
like ſigns, by ſubtrafing the leſe coefficient from the greater, to the remainder ad- 
joining the common quantity, and pręfi in, the fign of the greater. 

165. As every quantity contains itſelf once (Def. VI, VII. Corol. I.), 
any integral quantity, therefore, may be expreſſed as a fraction, by giving 
to it unity as a denominator ;z and any fraction may be expr as the 
numerator of a fraction, having unity for its denominator alſo. 

166. And as a fraction is nothing more than an expreſſion of a quotient 
(Def. VII.), the value of a fraction, therefore, is not affected by any equal 
multiplication or diviſion of both its terms. And hence the various reduc- 
ticrs of fractions from this and the former ſimple principles (165). 

167. FaacTions of one and the {ame denomination being like parts of 
their reſpective wholes or numerators (Def. VII.), are added together by 
adding the numerators, and underwriting the common denominator (Ax. III.). 
And all fractions may be reduced to equivalent fractions of one and the 
ſame denomination, by taling, according to notation (Def. VI.), the pro- 
duet of all the denominators for the common denominator, and the product of each * 
numerator into all the dinominatars but its oxun for the new numerators, tlie 
terms of the fractions being equally multiplied by this operation (166). 

168. Ratios are added together as in Propoſition (3.), and according 
to Definition XVIII. Corollaries I, II. Thus Tr B4TTD=Z:1 + 
Eo ASM 1 


* X=PX-:1==PX 7 —AxC:DxD a. 


B.—PROPOSITION IL. 


169. SUBTRACTION determining the difference of quantities (Def. * 


is therefore the converſe of addition (Def. IV.), and takes place abſolutely 


by changing the fign or Vene of the ablative quantity, finally abbreviating the 
general expreſſion of the difference by uniting ſuch terms as can be united 
(Prop. I.). | | 
58 9 170. 
Z _ ed 3 | | 
The quantities I Da, and 7 (Def. VII. Corol. I, II.), may re- 
preſent any two fractions; and the product ac (Def. VI.) is evidently equi- 
valent to 3 (Def. VII.), the product under the nvmerators and deno- 
minators. M 
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170. Fractions of one and the ſame denomination are ſubtracted one 
from another, by ſubtracting the one aumerator from the other, and underwrit- 
ing the common denominator. 

171. Ratios are ſubtracted one from another, as in Propoſition I. 
and according to Definition XVIII. Corollaries I, II. Thus: 


Since by Prop. I. A: BC: DAC: BD; therefore, taking away the 
ratio C: D from each of theſe equals, and the ratio A; BAC: BD— 


Cr (Ax. IV. ), or theratio ©:1 A -Sets ba 
ving now the common conſequent, unity, we have only to obſerve what 


tecedent F: And here it is manifeſt, that the product of the numerator 


aaa — 555, gives dier 


the antecedent (SEED = (Def. VI. and Corol. L); but E is 
S P (Def. XI. Corol. I.) There- | 


fore, in taking away or ſubtracting one ratio from another ratio, we muſt 
change the ſign of the ablative ratio, and invert the terms thereof, according tg 
i as (4)- 


' C.—PROPOSITION III. 


172. MyLTieticatiION being a manifold addition, repeating one 8 
ſo often 8 the Na or another quantity contains units (Def. 
Hence bs N. uantity may be multiplied by a ſimple — 5 
taking t SEL quaniities or literal ſymbols, according to notation 
(54 V VI. 82 „ and theres pf the product of the coefficients for the cogſſici- 
— of the praduct. (2.) A 9 rr quantity may be multiphed by a ſim- 
ple quantity, by beginning at the left hand, multiplying the ſimple quantity into 
each term of the multiplicand fuk as in Cafe I. and making the produt!s 
affirmative or negative, according as the fafors have like or unlike fign:. 
And (3.) one compound quantity may be multiplied by another compound 
quantity, by placing the multiplier under the multiplicand, term under term, 
that being conſidered as the multiplicand which hath the grantee number of 
terms; then, beginning at the left hand, each term of the multiplier is 2 
or multiplied ; into each term of the multiplicand ſuc ceſſtvely, as in Caſe II. the 
lifferent products being placed under one another, with like quentities un- 
der like quantities when there are ſuch quantities: And the wvhole product 
(ier. I.) by collecting together all the different products into one ſum 
rop 
173. Faacrioxs are multiplied together, by taking the product of the 
numerators for the numerator of the product, and the product of the denomina- 
tors for the denominator of the product; as demonſtrated, Note A (168). 
- the fame may be P Band — d in manner following, viz. Suppoſe 


3 r. and H=UD«. vil. Corol. I.), or A=BP, a C=DQ_ 
(Definiuon 
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(Defaition VII. Corol. I) ; then — IX 
x BD (Def. VI.), and conf 11 (Ax. X.)=PQ_ 
(Def. VIL)=PxQ==xz X55 by ſuppoſition. 

174. Hexcr, in multiplying together fractions, the denominators of 
any of the factors may be interchanged to deprefs the final product. And 
hence alſo, a fraction may be multi hed by an integral quantity, by multi- 
plying the numerator by the „ or by dividing the the deuominaror 

eby. 


D.—PROPOSITION IV. 


175. Division being a manifold ſubtraction, and the converſe there- 
fore of multiplication, determines how often one quantity may be taken 
out of, or is contained in, another quantity, by conſidering * dividend as 
a product, whereof the efficient factors are the diviſor and 1 Def. 
VII.). S ſimple quantity may be divi mple 
uantity, by inquiring what quantity, — — into the — 7 er 
N. elan or by placing the dividend above a final l line, and the diviſer 
under it, and expunging all numbers and quantities that are common efficients 
of each. (2.) A compoun tity may be divided vy a fimple quantity, 
en Caſe I. each term of the 
dividend by the diviſor, and making the quotients a or negative, ar- 
coding as the ſigns of the deuifer and! druadind ave da. © And (3.) 
one compound quantity may be divided by — co quantity, by 
ranging the terms of the diviſor and dividend, according | to the dimenſions 
of any the ſame quantity contained in each, and pr as in common 
arithmetic; the quotient quantities Grd, determined by the firſt 
term of the dividend, and of ev by the fir e of the Boiſe 
176. FxacTions are divided one by another, $5 1 the in verſe 
or reciprocal (Def. — wwe Corol. I.) of "ao fractional diviſor into the frac- 
tional dividend, as demonſtrated, ine oe 


monſtrated in manner following, viz. Suppoſe BP, and SA (Def. 


VII. Corol. 11.), or A=—BP, and C—DQ (Det. VII. Corol. I.), and 
therefore AD—BPD, and BC—BDQ (Ax. IX.) age = PA 


"BC —BD DQ 
(Ax. b VII. r +5; by ſuppoſition 
177. And hence, a fraction may be divided by an integral quantity, by 


dividing the numerator by the 6 or by multiplying the deno- 
minator thereby. 


E.—PROPOSITION VII. 


178. Since (Def. XVIII. Corol. I.) the ratio A: AB: mB ( 
e An: Na 
or mA m B, B, may repreſent any ogous magnitudes; 
where m may repreſent an 3 Therefore, in 

any 
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any analogy, the firſt term has as much magnitude when compared with 
the ſecond, as the third when compared with the fourth ; and, conſequently, 
if the firſt term be greater, equal, or lefs than the ſecond, the third term 
will be equally greater, equal, or equally leſs than the fourth. 

179. And hence all the theorems in this Propoſition (13), and Corol- 
hries thereof (14, 15, 16,) as in the following table, viz. 


A: AB: B (r: ) 
AxmB=mAxB 
24225 :A—B+mB:B (in: 1) Un 
A+mA:nA—B+mB:nB(—1 fy t) 
AumA:A—BunD:D(—IG©wn: Fa... 
AA en Bees ina) D 


{ AA: A BFB: 3 (i Fa: 1) 
A n A: AB ν B: nB (i n: ) 


A+nA:AnnA—B+nB:BunB(—1+n:1 n) Mixtin. 
A: B=mA :mB, Alkernation or Permutation. 


mA: AB: B (=: 1) Inverſion. 

Bp ANR : m A+mB (== : m) Sylleplis, 

DB (AGB Ah (A:) Dialepſis. 
 Hyp. A: AB: aB C: „CD: D, &c. | 
Then A:mA—A+B+C+D,&c.:mA+nB+nC+nD,&.(=1:nY 


180. Suppoſe now univerſally, the ratio A: BC: D; then, ſince 
Þ x A=B (Def. VIE. Col. I.), therefore ” x C=D (178) the 
ho tonal to A, B, C. And hence the n——_ rule 
r finding a fourth proportional, by dividing the product of the ſecond and 
third by the firſt analogous term. | 


181. And becauſe = x C=D, when the ratio A: Rc: p (180); 


2p 6 4c multiplication (BC AN D or) ADñꝗ BC (Ax. 
IX.) as e (178). Gr this may be demonſtrated in manner following, 
viz. Since A: BC: D (Hyp.), therefore A: BC: D==o (Ax. II.); 
that is, A:B+D:C, or AD: BC © (Prop. II ). and conſequently AD 
=—=ÞC (Def. XVIII. Corol. II I.). Thus, from an analogy, may be de- 
rived an equation between the product of the extremes and means; and 

converſely, as ſhown in the third Corollary of this Propoſition (16). 
182. As the terms of a ratio muſt neceffarily be of one and the ſame 
kind or denomination, and as there may be the fame ratio of magnitude be- 
tween two quantities or numbers of one kind or denomunation, as between 
| two 


ä — ——— 


\ 
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two quantities or numbers of any other kind or denomĩnation (Def. XVIII.): 
| Et c- che very general and extenſive application of the doctrine of Po- 
PORTION in all arts, ſciences, buſineſs, &c. And in every cafe of propor- 
tion, to determine truly a fourth proportional to three given, the propor- 
tionals muſt be ſo ranged, that the two given quantities, or numbers of one 
and the ſame kind, be the terms of the firſt ratio, and the third given quan- 
tity, or number of the ſame kind, with that required; the antecedent of the 
ſecond ratio, the conſequent being the fourth or required term, which may 
always be repreſented by ſome one of the final letters of the alphabet, x, 
„ 2, b, &c. 
: 183. Then, as things of greater value require 2 IE number, and things of 
tfs value a greater number, to make an equal exchange; and as the leſs the 
number of things the greater muſt be their value, and the greater the number 
of things the I% their value, to make them equal. Therefore, conſider from 
the nature of the caſe propoſed, whether the third term be greater, 
or leſs than the fourth or required term, x, y, &c. and range the terms of the 
firſt ratio in the ſame order of magnitude reſpectively; or make the firſt 
rr or lefs than the ſecond term, according as the third term 
is greater, equal, or leſs than the fourth or required term, x, y, &c. And 
if any terms are mixed, or conſiſt of different denominations, they may be 
0 denomination when — 2 
reſtate | 
18.4. The analogy being ſtated as directed (183) ; if either the firſt and 
ſecond terms, or the firſt and third terms ® be diviſible by any the ſame quan- 
tities or numbers, inſtead of theſe terms take the reſpectrre quotients, and 
reſtate as often as may be the analogy in terms of the quotients : Then find- 
ing the multiplier of the firſt term producing the ſecond (180), and the fame 
will be the multiplier of the third term producing the fourth or required 
term, x, y, &Cc. 65 78). 


F.—PROPOSTTION XV. SCHOLIUM I. 


185. In the equation px—x*—=rq, when xi p, then 3 þ*——=rq ; and 
in every other caſe or value of x, 165 is greater than rg. For, ſuppoſe x== 
IpT+-s, where s >s Fþ; then by ſubſtitution (px—x*=—=) 3 p*—5*==rg, 
and of conſequence p >r rg. But though the root of the equation px 
n in general terms admits of two different interpretations or values, 
as demonſtrated in this Scholium, and though as in the examples to this 
caſe of the Propotition both theſe values may be true, examples, how- 
ever, may occur in which one only of the values may be taken; and the 
value to be taken will be determined from the ſtructure of the equation, or 
from the operation producing the equation. Suppoſe 4/4x=——21—x, where 
x is evidently leſs than 21; then (Ax. XI.) 4 (=21=—x*) =441— 
 42x+x* (Prop. V.), and hence 424x—«*——=441 ; where x=—=18, the 


only true value. 


| *® Suppoſe the ratio A: BC: D; then, by adding the ratio m: 1 to 
each, the ratio m A: Ben C: D (Ax. VII.); where m may repreſent 
any number, integral, fractional, &c. . 


4 * A ; 

Here BE an 214, and 214 ==451-%; 
—— (Ai -A) io 
21421 e 


. 
7671 18. 


rd | 
214—42 f K* —I07)—=9g+15++; 
213J—x==3x 


G —PROP. XV. SCHOL. III. or ART. XXX. 


186. The theorem here given for evolving a quadratic binomial, may 
be demonſtrated Jynthetically, i in manner following, viz. 


Since B+y/B—Q =B+2 By/B*—Q+B*—Q (Propoſition V.) 
=2B*—Q +/4B* Xð B "OR, (Prop. IV.), and fince (Hyp.) 320 
B-; and of conſequence 4 =. as al 


/R*-S=Q; therefore, byreſtitation, BEJBED = RT 
=R+/R*—R*—S=R+ s (Prop. XI.), . Theorem 
(zo). Thus: the ſquare of the greater part of the root is eK 
K; and that of the leſs part of the root = 5 Q or KR 


187. And hence, univerfally, the root of a quadratic binomial may be | 


determined from the ſum and = of roots of half the ſum and half 


the difference of the leading terms of the binornial, and the root of the dif- 
r 


Ex. 3 Where R=3, and SDS. Here Q=1, B. Vz, and B+ 
8 241. 
e 3 and 8.20. Here Qz=1, B, and B+ 


n 
And to — 1 i. be added the ſive following, * fix binomi- 
als ! in the tenth bool 2 


Binomial I. 4+v11, root of 274/704. 


Binomial II. v/12+ ” 7 —6+34/ 147, former bimedial. 


Binomial III. Ve H, latter bimedial. 
Binomial IV. v/ZF5v/29+ /Z=4v/ 29——7+v/20, the major. 


Binomial V. — , the ation» 
-— VII TVI io, the potent, ar 


Binomial VI. V ＋ 932 Vie V, the potent 
tcvo medials. = 
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H.—PROPOSITION XVI. 


138, Since in a right angled plane triangle the tangent of half either 
angle at the hypothenuſe is to the radius, 2 to the an 

to the hypothenuſe and other ſide taken together: in verſely ( 14), 
dius, to the tangent of half either angle at the hypothenuſe, as the ſide 
poſite to the angle to the exceſs of the hypothenuſe above the other ſide 
(5- e. 2). Hence, to the analytical and geometrical reſolution of quadratic 
equations in the laſt and in this Propoſition, may be added the triganometri- 
cal reſolution of the ſame, as in the following practical rules, viz. 


189. Rur I. Increaſe half the logarithm of the abſolute term (rg) 
the number 10, and from the ſum ſubtract the logarithm of half the 

ficient (p) of the ſecond term; the remainder in Cafes I. and II. is the 
logarithmic tangent, and in Caſe III. the bgarithmic fine of an angle A. 


Rure II. To and from half the logarithm of the abſolute term (rg), 
add and ſubtract the logarithmic tangent of half the angle A; let the ſum be 
diminiſhed and the difference increaſed by the number 10, and the numbers 
reſulting will be the logarithms of the roots of the equations in Caſes I. and II. 


Rorz III. From and to half the logarithm of the abſolute term (rg), 

ſubtra& and add the logarithmic tangent of half the angle A ; ler the dit. 

ference be increaſed and the fum diminiſhed by the number 10, and the 

2 reſulting will be the logarithms of the wo roots of the equation in 

Caſe III. 
Caſe. I. Example x* +347x==22110, to determine x. 


Here p==347, and g 22110. 
The logarithm of rg g » « + + + 22110= 4345887 


From half thereof . . . We . +10 212. 1722943 
Take the logarithm of 179799 2. 2.2392995 
Remains logarithmic tangent of angle A . 400 35 529.9329945 
To logarithmic tangent of 1 angle „ 17 56" = 9-5680714 
Add 5; the logarithm of rg. * + +» +» + + + 22110== 2.1722943 


The ſum (—10) is the logarithm of x . . . . © == 1-7403657 


L — Fo 


Caſe II. Example x*—"ZPx=—=*322, to determine x. 
Here =, and rg—"13% 
 PaREPARATION. 
From log. of 1300.2. 1139434 From log. of (half: 10—=)55==1.7403629 
Take log. of 24 =. 38021 12 Take log, of . . 241.3802112 


— 9 
Ren. log. rg 4 =1-7337322 Remains log. of — 35 15 


ä GA | 
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From half the logarithm of -9+10 . . . 1132 + 10==10. 8668661 


Take the logarithm of + p . . . . 0 . * . 44. 294•3˙5 
Remains log. tangent of angle A „4 - „ J3® az 2 ==10.5067 146 


From half the log. of r -o e + 10==10.8668666x 
Take log. tangent of + angle A „F 360 21180 98668617 


„  - « *=—r0o00M 


And — 
Caſe III. Example 3s „— 2 , to the values of x. 
Here , and =. 


PazraxATiox. 


From log of 695—2.8419848 From wy of, (*£*)131=—=2.1205739 


Take log. of 25==1-3979400 Take log. f 25==1-397 9400 
Rem. log. rg 14440448 Rem. log. of 47. . „7226339 


From half the log. of r- -o 695 + 10—10.7220224 
Take log. of Ep -. . „ 2 * HE . . . T7 == 07226339 


Remains log. fine of angle K. 860 57 45"= 9-9993885 | 
To and from half the log. rg 


3 - . — « - | * 0. 7220224 


Add and fubtradt the log, tang, of 4 angle A 430 28' 52"== 99769646 


— — 


— Sum 10 o . Ns * . . — o. 6989870 
The log, of x= Toe +10 o FFT == q. 7450578 
And * * - and 5 56 5. N 


T1—PROPOSITION XVII 1 COROLLARIES. 
290. This Propoſition (32) may be demonſtrated — in manner 


following, viz. Suppoſe y=y/r + rg" 3, and rr ; then 


e (Hyp.), and rs (Ax. XI.) S TY + 
v? (Prop. V.) z. + 37 * e erben (Hyp.); . 
but, fince y-—v/r+ r=" — 7, and NN. - og" (Hxp.) ! A 
ur 0 Xr-y/ r*-q* 9 (Prop. III. 3 — = 


A Prop. VI. 90 and LL Sort v/ringghr—v/ri=gj=zr (Pr. 
reſtitution 33 (=y* T +350 X2)==2r +392, and 

— ſequently 2 4 3 — 270, according to the Propoſition. 
In * equation of 3 II. viz. 2 +39z—2r==0 (34), where 


S . vr, and alſo egg) _ where r—yr* +9 r* +97 isnegative, becauſe 
e Pede r, as is obvious: Therefore, in this equation 


® See he of Da Harry's four Lectures * the * — 
conſtruction of equations, as an Appendix to ERSEY'S Algebra, 
and alſo Dopsonx's — — vol. i. PP: 115, 119, 123. 
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Vr+v/ 775 ” +w/r* + 
A = Vir rpg? —2— r 77 | 
Hr the value of = is as in the other expreſſion of this Corollary, by one 
ag may net Leg tary 11 : 4 (35) 
192. In the equation of Coro I. viz. 23—3q 2>+2r=0 (35), 
hy 3—2r ; ſince 39gr—2z'—2r, it is evident that = >s g: 
Suppoſe therefore z—+/q then by ſubſtitution, 29% = zr. Now, as = 
is always leſs than / 39, and may be equal to 4/q ; ſo it may fall ſhort of 
x q by a quantity (7) leſs than /g, a it may exceed Ve by a quantity 
(+), which when added to /g, ſhall give a ſum lefs than / 39 and in both 
theſe caſes, the quantity 2, is lefs than 294/q (or v leſs than 4/g) : For, 


by ſuppoſing a: =, we have by ſubſtitution 2gy/q—34/qgt+5 X5*= 
nee. 29/9 27 ar, or gg >r r; and therefore, 
cn RF >r r*. 10 = (46), the 
193. nd of the general complete equation * 36), 
third and fourth terms may evidently be repreſented as both affirmative or 
FF RY PINS WHY I GUI IS. 


—— X x + 3þg—þ*—2r=0. 
K.—PROPOSITION XX. any SCHOLIUM. (49, 50). 


194. This Prop. ( 49) for evolving a cubic binomial, may be demonſtrated 
in manner following. Since B- VB K Bi—3BQ+4B*—Q x 
BU (Prop. V.) a B*—3BQ+v/3B*=Q" x B*-Q=4B*-3BQ 
+/16B*—24BL+ 0 QME—Q (Propoſition III.) A BY —3 B 
Tn U (Prop. VI.), and fince by ſuppoſition (8B%— | 
6BQ—2R or) 4B*—3BQ R. as alſo , as alſo „RSR. R—8 
22 therefore, by reſtitution, B B. — (=R+4/R*-R*-S)= 


195. gy I that 2* ＋ 2mz+4m*—3q—0, as in the Scholium R 
will appear directly on performing the diviſion according to 
IV.; it being conlidered, tha as z = 2 * XVII.), 9.25 8m 


2r:==O. 


——— OT 


21 — 222 


2 —375 | 
2m2*—q4m*z 


—_—_ 


Mm 2— 392 
Am 2—8 
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L.—PROPOSITION XXIII. (67). 
196. Since by ſuppoſition A+ Bx+Cx* + Dx? +&c.=—a+bx+cx* 4 


d&x3 +G%&c. therefore, by tranſpoſition (19) Y—a+B—b x r C- x x* + 


D—d< x3 ＋&c. c; if now A- oO or) A, then B—3 X x + C—c 


3 


—  - _ 


K* 4 DAN K. uni verſally, or whatever may be the value of x. 


But che quantity Bd XxX ＋ C—c XxX +D—d x x? A＋&c. evidently va. 
hes not voly when x itſelf vaniſhes, but alſo when the ſeveral coefficients 
1, C—:, D—&, &c. vaniſh : And thus, the ſeries Bx +Cx* + Dx? + 
Ec, IX +43 +&c. being mutually convertible, or the ſame, muſt 
thei fore coaleſce into one when B—b-—=c, Cc, D—d—o, &c. and 
this ſingle ſeries will always converge when x is a converging quantity. And 
ti ugh, in the general equation of this Propoſition, all the terms are repre- 
ſented as ailirmative, they may be any how affected with the ſigns of addi- 
tion and ſubtraction. 


M.—PROPOSITION XXIV. (70). 


197. Since m, u are affirmative integers by ſuppoſition therefore, by 
m Nm 


V —2 1 th — 
Givifion (Prop. IV. and Corol.), — — + v* 22 A 322 
Fu | 7 n vn 
(u), or continued to m terms (A), and in the ſame way — * 
Tons (2); whence, ſuppoſing ( v, — | 
n= 2 * ) m 
= — ſi — n FOR N— 
y gz then, fince x u — nx == 
m . 2m | | 
ww Wh. — mM ; | ; 

v — c. (Propoſition V.); therefore, by ſubſtitution, 
n n 9 W 6 — 
636 —— —{(B) V 3 n n v n 10 

2 
7 
m am m m m 
But E rence Th, ==) * . 
2—2 um un ee ee B 
— CT) mnt 
1 


— 


m, 225 22 d dividing both ſid hi 
— — — ＋— (=), and diwiding ſides of this 


m m 1 
equation by v (Ax. X.) we have ». 2 X 12 
5 11 


— 


SEM EEE XX 


| = 
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e with x. (m) 


„ MT (a) 
V + n n ＋ n n 


14542] +5] (ﬆ) 


— —— by dividing both numerator aud deno- 


S8 — 
e (a) 
4 m—-I | 3 m 
minator by ® (Prop. IV.); and hence =» „ — 1 


un | 
— X 


1 V 
= zm 
2 — 22 

I ＋— 1 
E * 


N.—PROPOSITION xxv. (80). 


198. In the pure equation N., ſuppoſe as in the Propoſition — to 
be a near approximation to the value of y; and the general formula is 


i. 


NT. iK NB” t x A* 
| Or | — — 

| Alm—1 AER MY is B 

| * | 


* 


O.—PROPOSITION XXVI. axp COROL. IV. (86, go). 
199. 'Theſe ſeries, for the logarithms of — and 1 44, may be de- 


— — — — — 


22 


144 NOrEsS. 


LTU NPA &c. 
2 And hence, Caſe i. To nag the ſeries for the logarithm of 


— or for the meaſure of the ratio - — 


Here A (= —)=1 +n+n* +15 +n* +&c. (Prop. IV.)—a+6 
+c+d+e+ &c. by tuppoſition ; whence, ſince a==1, therefore K—0 
(Obſ. .), and of conſequence L., —>=Ma+Na* Pa T- + &c. 


or 2 L, cd N & c. But by the principles 


of logarithms, 3L, -L. E= L. g, (Prop. v. Cor. 11}, 
r if the . 


tuted inſtead of =, we 2 (Mx r 


+P * 20—n* '+Qx * 2— * cc. )—2Mxn+4 N—M x n* + 

8 —I12P+N > #* + &c. by expanding the terms 
2M xn+2Nyxn*+2P xn*+2Q xn* + &c. as above, and of conſe- 
quence (Prop. XXIII.) NTM, PM, Q-= 3M, &. (67): yuh 
aL, — Mn+Mn" HM TIM“ +&c. and theiefore L—= 


1— 


Mxn+in*+jn +ant+ & 

201. Caſe II. To determine vide feb ie in Jogarithm of 1 +n, or for 
the meaſure of the ratio 1 +n : 1. 

. I, its rect crude be 21 


2 (Prop. VII. Corol. I.) or ——: 1 ; therefore, ſince © 
—n +n* &c. W IV. ) b in Caſe To we thai! have 


| 
(L,— . =)—aMx n+4N—Mxn*—$P—4N X 2 + 


580i &c.=—2M xn+2N xu*—2P x0 +2Q x nt, 
1 
&c. and hence L, AMX -A +0 ,, Kc. or L, 14 


MX I, Kc. (Prop. II.) 
202. And as by the ſeries in Corollary IV. (go), the number 1 Ta 


may be determined from its Jogarithm L being given, and that whatever 
may be the relation of magnitude or quantity between L the logarithm 
and M the modulus of the ſyſtem; if, therefore, it be conſidered that equa- 
lity, fameneſs, or identity, is the molt ſimple relation that may obtain be- 
tween the * L. _ (Ax. I.), upon this ſuppoſition the ratio 1＋ . 


124X271 


== Vn} ＋ a> 


= = + *. oh : „ : 1; or the 


ratio 1: 1-221: 1 —2 3 — &c. =1 : 0. 367879441171, 


To 
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&c. : And either of theſe numeral ratios is that called by the learned Ma 
Cores, the ratio modularis ; the modulus or module being always the mea- 
fure of this ratio in every logarithmic ſyſtem. _ 


P.—PROP. XXVIII. COROL. II. ART. 122, 124, 125, and 126. 


203. The general ſimple intereſt equation ir + 1 X p==s (122), where 
1 is the intereſt of L 1. tor 1 year, called the ratio of the rate, as being al- 
ways the rooth part of the rate per cent. per annum, applies in every inſtance 
of any ſum of money paid after or before due. In the firſt cafe p is the 
principal and s the amount thereof, and its intereſt tip for time f and ra- 
tio of rate r, In the ſecond caſe, ſuppoſing p, s to change places, the equa- 


tion becomes tr + i X . And here, s is the preſent worth or value of 

the principal p for time t and ratio of rate r ; or : is the principal which 

in time / and at ratio of rate r would amount to the fum or principal p. 

And as the exceſs of the amount above the principal is the i ; fo the 
Y 


exceſs of the principal above the preſent worth is the rebate or diſcount 
204. If, therefore, the intereſt of any given principal for any given 
time and rate, expreſſed in pounds and decimal places when there are places, 
de divided by the yearly amount of L 1. for the fame rate, the quotient 
will be the rebate of ſaid principal for the given time and rate. And if the 
yearly intereſt of any principal, at any rate per cent., be divided by the yearly 
WW 
a nci . 
| ln to awe to tnk tiniind es 
are wrong printed, and ſhould have been expreſſed in manner following, viz. 


s " 
,,a | r —- — 
t—1 
| | 2 
111 So 6. 
WC} * „ 88 


206. The method of computing accurately the intereſt of any ſum or 
principal for any number of days not greater than 22 w 365, as given 
in article 125, being general for any whatever rate of intereſt, and not con- 
fined or limited, as there ſtated, to the rate of 5 per cent. ; the general cal- 
culation, therefore, of intereſt for any time or number of days not greater 
than a year, and at any whatever rate per cent. per annum, may be perform- 
ed with great facility in manner following, viz. | 
207. Let the under the ſum or principal, the number of days, and the 
double of the rate per cent. be advanced five places to the right ; multiply this 
number by 3, advancing the produdt one place to the right : Subtra# the latter 
advanced produtt from the former, advancing the remainder one place to the 
right ; and the ſum of the two advanced produds and advanced ren ainder, di- 
miniſhed by itſelf when advanced four places to the right, vill be the true inte- 
reſt in every cafe, | A 


146 


208. The ex 
being quite 
lows, viz. 


Thea 50000 | 
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ample for illultrating the general ſimple intereſt table (125) 
rverted by the Printer, is here given properly corrected as fol- 
"aking the former example (125). 


4239 760 X 5X * 327 76 


L 136 8 2.85 
4000 IO »» n_ 
200 | O ++ 10 ++ II +» 2.30 
60 © - 32 321.8. 
9 | O - O-+- 5 3.07 


Intereſt required, L 148 <- "AS, 
209. And in uſing this general table (126) to & * advantage, 


ſuppoſing two additional columns on the right hand as below ; 


323 


E. 2 de o- 


duct of principal rate and time, when divided by voc, ter "fa! ver! m9 ts Come 


parti, and the corr-ſpondin ng intereſt, num ers, tuł n fee om the table, and 
added together, will give in the fum total, the in . ft Fe June 


Two additional columns to the -encral table (126). 
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9. 
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5 2 
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Ha 
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1.05 


— — 


— 


| c6 | . 16}.co1 


Py |" 


NOTES. 147 


210. But the following, perhaps, is the beſt general and perfectly accu- 
rate method of computing the intereſt of money for any number of days 
not gent than 365, at any whatever rate per cent. per annum, and equally 
* with the common method at the rate of 5 fer cent. only, viz. 

. e the proauct of the jum or principal, the number of days, and the 
dowile of the rute, by 730, aud the quotient ævill be the intereſt accurately in 
EDO} Ch {ee 

211, And hence, to determine the rebate or diſcount at any rate of in- 
teruit, of any tum or principal paid any number of days not greater than 365 
betore due; dive the produtt of the ſum or principal, the number of days, and 

the J9uble of the rate, by 73000 increa ſed by the product of the number of dans 
and duuble of the rate, and the quoiient wil be the rebate accurately in every 


caſe. 
Q.—PROP. XXIX. COROL. XIII. XV. Aar. 140, and 147. 


The Evciivran ſeries determining all pzrFECT NUMBERS, as 


Fong in Corollary XIII. (140) being quite perverted by the Printer, is 
| bere reprinted accurately as follows, viz. 


=1|1+2.30) N 210 + 2.231 yoo 25. ear 1 H 2 — I q 


$024. 3 


| | 
OE. To _ BE Sc. N 

9 5 5 = 7 | 9 | 11 &c. 

213. And the latter part of article 147 -, which ſhould here come in af- 


ter the colon (:) in the 6th line, having been omitted by the Printer, is here 
added as containing an uſeful T heorem, in the following terms, viz. 


In the following tables, if N repreſent the tabular number correſpond- 
ing to any age, the value of the _— &c. a will be a XN (146); and 


ſubtracting this from the perpetuity = (145), the value of the reverſion 
of a fee-ſimple eſtate, &c. (a), after a ſingle life of a given age will be had, 


# A © 


: ER 
Viz. a X — 


FINIS. 


E RR ATA. 


Article 168, line Iz read in the Propoſition. 
4 
„ ) read = 
— ik read Propofition II. 
— 2 laß, read ſhown. 
—_ dee read of the roots. 
— 189, — 1, read to determine the values of x. 


SYNOPSIS 


OF 


BOOK V. 


or 


EUCLID'S ELEMENTS, 


ACCORDING TO 


DR SIMSON'S EDITION. 


PRINTED BY JA. MORISON, PRINTER TO THE UNIVERSITY. 


M. cc. I cVII. 


PREFACE. 


THIS svYNoPs1s, firſt drawn up according to Keil's 
edition of Commendine's Euclid, was afterwards 
changed, where neceſſary, according to Dr Simſon's 
edition of the Elements, and is now publiſhed with 
the addition of a very ſimple demonſtration of Pro- 
poſition VIII. from the learned Mr Playfair's Ele- 
ments of Geometry, for the uſe of Students, who too 
generally neglect the truly elegant demonſtrations 
of Euclid, in this moſt uſeful part of the Elements, 
and thereby obſtruct their improvement in the 
other branches of Mathematics; and in Natural 
Philoſophy, very conſiderably. 


DEFINITIONS. 


DEFINITION I. 


A lefs magnitude is faid to be a of a greater magnitude, when the 
leſs meaſures the greater; that is, AR 
der of times exactly in the greater. | 
Thus A is a part of mA, as being contained a times exactly in m A, 
m being a whole number. 


DEFINITION II. 


| A greater magnitude is faid to be a multiple of a leſs, when the greater 
is meaſured by the leſs ; that is, when the greater contains the lefs a cer- 
tain number of times exactly. 

Thus m A is a multiple of A by m; becauſe mA contains A m times 
— ROY - 


DEFINITION III. 


Ratio is a certain mutual habitude, or compariſon of two magnires gf 
the fume kind, 25 to quantity or magnitude. 


SCHOLT UM. 


A raiio i- by interpo between the magnituder compared together, 

a :) ; the former term of 
| the ratio bet ng called the antecedent, and the latter the conſequent. Thus, 
T l. B denotes the ratio of A to B, or the abfolue relation as to mag: 

of the antecedent A to the conſequent B, or of the conſequent B to 
— and that whether this relation be aſſignable or not. 

When the antecedent of a ratio exceeds the conſequent, the ratio is ſaid to be 
a ratio of greater inequality or of majority ; when the antecedent of a ratio is 
HT , the ratio is ſaid to le a ratio of leſs inequality or of 

; and the antecedent of a ratio neither exceeds nor is exceeded by E 


te confoqun — — 


DEFINITION IV. 


Ma itudes are faid to have a ratio to one another, when the leſs can 
de multiplied ſo as to exceed the other. 
A 3 COROLLARY 


— 


— — 
a - ** 
— — WB ** 
OSD 2 — * pg 4 


Aut, * 


* 


' DEFINITIONS, 


COROLLARY J. 


COROL.LART I 
As magnitudes there can be no diſtindion of leſs or greater, : the 
3 8 or ? Ld youth gh 


o called : A ratio of equality, 
2 — . 


The firſt of four 
the firſt i 
ſec 
cond, 
the m 
third is 
be greater 
than that of the fourth. 


Let A, B, C, D, be four magnitudes, and m, n, any whatever numbers. 
A, B, C, D, 23 dae 54. 


2 If mA>r—or>snB 1 2 
A,B, c. D. N def ores 25 The ratio A: BC: D 


Thus, of the four numbers 3, 2, 81, and 54, the ratio 3: 2=81: 54, 


ts 15 | 1 7 14 

813 405 2 

Here 15 > 1 14, and 405 >r 378 

92 — 2] 18 

26 486 | 5449 486 
Here 3X 6==2 X9(—1$), and 81 X AX (9486) 

7) p 648 | 1 * ay 756 

Here 24 > s 28, and 648 >s 756 


And the ſame will appear according to any multiplication whatever. And 


thus alfo, of the four numbers 5, 7, 115, and 151, the ratio 5 : G=115: 


161. 


6 — 


DEFINITIONS. | 1 


FF 2 | 156 42 
115 1150 161 966 
ere 50 > r 42, and 1150 > r 966 ; 
7 35 

£9 27 161 5 805 

Here * 580. and 15 X 7—=161 X 5(==805) 
5 5o| 7 8. 

115 * 1150161 * £2 1932 


Here 50 , 84, and 1150 > 8 1932 
And the fame will appear according to any r whatever, 


SCHOLIUM. 
To compare 


together as to eq „in the egſigl manner, numeral ratios, or 

ratios expreſſed in numeral terms ; let them be reduced to equivalent ratios in 

one and the ſame ſeries, by taking equimultiples of the terms of each ratio by the 

be i ond the fame fries ke prefed by the fame terms — 
fo oe in one 7 

pared together are equal to one another. = 285 


Ratios. Reduced to the ſame ſeries. Equal. 
3: 2 3: 2= 3X54: 2X54=162 : 108 - Sells © 66 
81 : 54 v1: 54—b81x 2: 54X —_— EPS 


Ratios. - | Reduced to the ſame ſeries. 


5: 7F 5: 7= 5X115: 7X115==575:805 
q15:161 | 115:161t==115X $:161X $==575: TT 115˙161 


DEFINITIONS vi, VIII, XII. 


Magnitudes which have the ſame ratio are called proportionals; and the 
terms of two ratios are ſaid to compoſe an analogy, which is uſually ex- 

fed by ſaying, the firſt magnitude is to the ſecond as the third is to the 

urth. in an analogy the two antecedents are called homologous to one 
qnother, as alſo the two conſequents ; but the terms of the ſame ratio are 
called analagous to one another. 


perrrion VII. 


When of the e ples of four magnitudes (taken as in Def. V.) the 
multiple of the firt — — than that . the ſecond, but the multiple of 
the third is not 4 2 the multiple of the fourth; then the firft 15 
ſaid to have to the ſecond a greater ratio than the third magnitude has to 
the fourth; and, on the contrary, the third is aid to bare to the fourth a 
leſs ratio than the fir!t has to the ſecond. ain 


6 DEFINITIONS. 


A:B,C: D Then 
AY. B nA>SraBIlA:B>rC:D 
"2 fu DJ” mCuai>rnDY c:D>$s A: B 
SCHOLIUM. 


In this definition for comparing together unequal ratios, it is afſumed by Fo- 
Lain, Wd SINE e —＋ 
32 the ratio * 


fo, by 


I: 5, 2:5, 3: $34: 5. 5» 6: 5» 7:5, 8:5, 9: 5,&e 
&c.5:% 6:9, 7: 9,8 9, 95 2 0 9 119, 12: 9, 13: 9, Kc. 


| In theſe ſeries, the ratios on the right the limit or ratio of equality, 
. Dre, 
minority regularly decreaſing, according to Evcin. 
Mn ng ce wy > 0 ig Frm. Brig , denn 
993 47 Bl. F Sh Scholium). 


Unequal ratios. Unequal ratios. 

WY T:5, 11:9 I 4 5 27,9211 
7:5 = 7X9: 5Xg9==63:45 | S J==SXI1:7XN==55:77 
11: RG II XS: X55 45 N 1X 377 


— 
Now 


— And. 7:5 >r11l:9 Aud 781911 
3 45.—63: 1 ( IZ. —-53. 77 55577 
And in ** 


C11D, the + bf co dy nag grief inverted, or any 
dealer ee, approximating in and fat drang in ſe ins 


g)11(r I, 4, 2 
2 128 
„ ee 
1)2(02 41 
2 8 * 2 + 1 11 
63 5 . Here 63 r 55 
ar 99 9f and gmt Sr 99 
7 . II: 9 


Unequal | 


DEFINITIONS. | 7 
Unequal ratios, 7: 5, 11:9 


7 28 5 25 Here 28 25 
wr 44 5s 45 Aar pr 
And. 7: 5 r 11:9 TS 
| Unequal raties, 9: 11, 5:7 


9 63 11} 55 [Here 63 D555 
3 35 1]; 35 Udnd 35—not >r 35 
And *.*g9:11 >r5:7*. 


DEFINITION IX. 


Proportion or analogy conſiſts of three terms at leaſt, in which caſe the 
fame magnitude is a conſequent of one ratio, and an antecedent of the 
| other; and ſuch ratios are called continued ratios ; or three ſuch magni- 

tudes are called continued or continual proportionals. 


DEFINITION X. XI. 


are proportional, the firlt is faid to have to the 
ratio of that which it has to the ſecond ; and 


are in continued proportion, the firft is faid to have to the 


cate, &c. 1 


Suppoſe the ratio A: BB: CC: DD: EE: F, &c. Then 
when A: B—B: C, the ratio A: C is faid to be to the duplicate of the 
ratio A: B. When A: B—B: CC: D, the ratio A: D is ſaid to be 
A: E is ſaid to be quadruplicate of the ratio A: B. When A: B—=B:C 
—C : DD: E—=E : F, the ratio A: F is ſaid to be quintuplicate of 
the ratio A: B, &c. &c. 

This defanition is the addition of continued equal ratias. 


DEFINITION A. 


When there are any number of magnitudes of the ſame kind, the 
firſt is faid to have to the laſt of them the ratio compounded of the ratio 
which the firſt has to the ſecond, and of the ratio which the ſecond has to 
the third, and of the ratio which the third has to the fourth; and fo on 
unto the laſt magnitude. | : 8 


- For 
vid. Analyſis, Def. XVIII. Corel. V. Scholum. 


if M has to N the ſame 
fake, M is ſaid to have to N 


of the ratios of E to F, G to H, and K to L. 


the addition of continued unequal ratios, 


DEFINITIONS. 


"ao compounde 


EE 240 VEN 


3250 
6 A111 


DEFINITION XIII, XIV, XV, XVI, XVII. 


DEFINITION XVIII, XIX. 


4171 
14205 | 
17 73233 25 
8 LY. 8. 
5 8 8338 ct 7 2 
8144574 LM 


DEFINITIONS. . | 


And ſuppoſe the ratio A: B—a : 

| B: Cb: 

C: Dc: 

D: Ed: 

E. : F==e : 

| &c. &c. 

Then, by equality, the ratio A: F==a : f. 


DEFINITION XX. 


When there is any number of magnitudes more than two in one, and as 
many others in other ſeries, which are proportional when taken two and 
two in each ſeries in the following order, viz. When the firſt magnitude is 
to the ſecond of the firſt ſeries, as the laſt but one is to the laſt of the other 
ſeries ; and as the ſecond is to the third of the firſt ſeries, fo is the laſt but 
two to the laſt but one of the other ſeries ; and as the third is to the fourth 
of the ſirſt ſeries, ſo is the third from the laſt to the laſt but two of the 
other ſeries; and ſo on in a croſs order: Then are thoſe magnitudes ſaid 


na 27 


to be inordinately Jr And when it is inferred that the firlt is to 
the laſt of the firſt ſeries of magnitudes, as the firſt to the laſt of the others, 


this inference is ſaid to be ex aequali, in propertione perturbata, ſeu inordinata, 
from equality, in perturbate or diforderly proportion. 

The inference in this definttion is the addition of continued ratios. 
Let there be a ſeries of magnitudes, A, B, C, D, E, F, &c. and ano- 
ther ſeries of magnitudes, a, b, c, d, e, f. &c. 5 
And ſuppoſe the ratio A: B=—e : 


f 

: Dec: d 
Eb: c 
F=—=a : b 
f 


Then, byperturbate equality, the ratio A: Fa f. 


AXIOMS. 


AXIOM 1, 
Equimultples of the fame, or of equal magnitudes, are equal to one a+ 
other. | | | | 
| _ AXIOM II. 


Thoſe magnitudes of which the fame or equal magnitudes are equimul - 
tiples, are equal to one another, 


: AXIOM LIE. | 
A mebvgis of 6 gamer amgngs greater than the ſame multiple of 
a 218, 

B AXION 


= AXIOMS, 


AXIOM IV. 


That magnitude of which a multiple is greater than the ſame multiple of 
another, is greater than that other magnitude. 


PROPOSITIONS. 
PROPOSITION I.—THEOREM. 


If any number of be equimultiples of as many, each of each, 


what multiple ſoever any one I ſhall 
all the firſt magnitudes be of all the other. ple 


nA] AI NA 
m B B IM x B 
mC C = K C 
mD DiIimnXxD 
&c. | &c. | &c. — 


m A+m B+mC+aD, Kc. nx A+B4+C+D, cc. 


PROPOSITION II.—THEOREM., 


If the firſt magnitude be the ſame multiple of the ſecond that the third 
's of the fourth, and the fifth the ſame multiple of the ſecond that the ſixth 
is of the fourth; then ſhall the firſt together with the fifth be the fame 
multiple of the ſecond, that the third together with the ſixth is of the 


fourth. 
m A, A, m B, B, nA, nB 
mAb Amn AKA 
m BTA Bm NB. 


COROLLARY. 


From this it is plain, that if any number of magnitudes, m A, u A, pA, 
be multiples of another A, and as many m B, n B, þ B, be the ſame mul- 


:iples of B, each of each, the whole of the rtl i is the fame multiple of A 
dat thz whole of the * y of B. 
„n As 24A 
77 2 B, P B 
m An Ak — 


1 BA B+þ B==m+n+þp B. 


PROPOSITION IIL—THEOREM. 


If the Grit be the fame multiple of the ſecond which the third is of the 
-ourth; and if of the ürſt and third there be taken equimultiples, theſe 

hail be equimuliiples, the one of the ſecond, and the other ot the fourth. 
4 _ Hvp, 


* 


Assen 
n M A, nm B, n= m B—nmXÞB. 


PROPOSITION IV.—THEOREM. 


If the firſt of-four magnitudes have the ſame ratio which the third has 
to the fourth ; then any equimultiples whatever of the firſt and third ſhall 
have the fame ratio to any equimultiples of the ſecond and fourth, viz. the 
equimultiple of the firſt ſhall have the ; ratio to that of the ſecond which 
the equimultiple of the third has to that of the fourth. 
Suppoſe A: B—C:D; then mA: 2 BC: D. | f 


m A a B pEn NAI XB 
mC |? "DJ? 17855 78. . 
Since by Hypothelis A: Def. V. 


If pxmA >r=or >-qxnB; EC — 72 


Xx B; 
+,» Converſe, Def. V. mA : 144 a D. 7 | 


CO ROLLARY. W/ '#; 


Likewiſe, if the firſt has the fame ratio to the ſecond which the third | 
has to the fourth ; then alſo any equimultiples whatever of the firſt and 
third have the ſame ratio to the ſecond and fourth ; and, in like manner, 
the firſt and the third haye the ſame ratio to any <quimultiples whatever 
of the ſecond and fourth. — 3 | 

: Suppoſe A: BC: D; then A: : B=nC : 1 
| And A: nB—C: : 8D. 

4 & D; $a B=—mnC: D. * 
mA If am A > r=—=or >s 
"ets 555 DEV. Aged 

Def. V. A: BC 


A Az . D; ; then A : o: 2D. 
| If AN Dor g 2B 
eb: 5 7. Def. V. Led 
.* Def. V. A: 2 B= C: 2D 


PROPOSITION V.—THEOREM. 


It one magnitude be the ſame multiple of another, which a maids 
taken from the firſt is of a magnitude taken from the other, the remainder 
| ſhall be the ſame multiple of the remainder that the whole is of the whole. 


nA+4nB}| A+B m ATB mA] A | mxA 
mA A m XA . mB B | nxB 
m B B m XB mA BI A-B} nxA-B 


B 2 PROPOSITION 


12 PROPOSITIONS. 


PROPOSITION VI.—THEOREM. 


If two magnitudes be equimultiples of two others, and if equimultiplc+ 
of theſe be taken from the firſt two, the remainders are either equal to 


theſe others, or equimultiples of them. 
1 „AfA ANA] Im-n=1,thenm-nx A—A 
m BIB IBI m B- B= nx BI And m-nxX BB. 

When m— Al, if m be even then = muſt be odd. 


PROPOSITION A.—THEOREM. 


If the firſt of four magnitudes has to the ſecond the ſame ratio which 
the third has to the fourth ; then if the firſt be greater than the ſecond, the 
_ third is alfo greater than the fourth; and if equal, equal ; if lefs, 4%. 


A:B—C:D 

Mo Bla relzb par 
Ifm A > ror > n, then mC > r=—or >s =D +-(dniding ym) 
if A > ror > B, then C > r=or 9D. 


PRO POSTTION B.—THEOREM. 


It four magnitudes are proportionals, they are proportionals alſo whey 
eaken inverſely. 


Suppoſe A: B=C : D; then by inverſion, B: A=D: C. 


A m A >r—or >: n B 
S1. . 


BY SDA 8 > : we 
1 ” Def. V. B: AD: C. 


PROPOSITION C.—THEOREM. 


If the fir be the ſame multiple of the ſecond, or the ſame part of it that 


the third is of the fourth, the firſt is to the ſecond as the third is to the 
mand 


Caſe 1. 2 Then 
| —þ D A: B=C:D. 


AL Din 5 mpB 
mpD mpD 
u. . then m B — © Ae. I 


PROPOSITIONS. 15 


As alſo mpB N Dora mA>r—orÞ:nB 
And mpD E ** — >5nD © Def. V. 
Caſe II. — | 


9 B. A \-.: Caſe I. B: AD: c; and 
— D==p C | inverſely, A: BC: D (Prop. B.) 


PROPOSITION D.—THEOREM. 


If the firſt be to the ſecond as the third to the fourth, and if the firſt be 
r ſecond, the third is the fame multiple, or the 


3 
1 a. : B=C : D, and that A=mB; then C=mD. == | 
| For, take 1 

Since A : 


E—mB; as alſo F==mD (Hyp.) 9 
n F (Bor. IV. Corol.), dat A=E Hy cr 
reer cb. 


Caſe II. Suppoſe A : B=C D, and that A}, B; then C=ZD. 

Since A: BC: D (Hyp.) . Inverſely, B: AD: C (Prop. B); 
but An B (Hyp.) or AB, and . {Caſe I.) DC or C2 
D; that is, A==j, B, and *.* Cn D. 


C OROLLARY. 


In any analogy the form bar az much mapnitde when compare red with 
| 
ihe frank as the third w 5 and, therefor hs 
0 term be greater, 215 or 9 5 2 * will be equally 
_ equal, or greatly Iſs than the fourth. 


| | ' PROPOSITION VII.-—THEOREM. 


| Equal magnitudes have the fame ratio to the ſame magnitude, and the 
fame has the fame ratio to equal magnitudes. 


Caſe I. Suppoſe A—=B, et as hs att 
fame kind; A; C—B : 8 


A 
= 20S C =D LN 
It m le, 


Caſe 


14 PROPOSITIONS. 


Caſe IT. C: A=C:B 


C S2. A—B 7 Hyp. . If a C > r—or > nA 
8 m An B Then a C > or >5smB; 
And conſequently, Def. V. C: AC: B. 


PROPOSITION VIIL.—THEOREM. 


Of unequal magnitudes the greater has a greater ratio to the ſame than 
the leſs has, and the ſame magnitude has a greater ratio to the leſs than 
it has to the preater. * 


A>rB | | 

f A: Cr B: C 

Hyp. C any third magnitude þ Then | : ; 
| of the ſame kind : | 8 . 


Since A > r B (Hyp- ), the difference of A, B is A—B. Then, if the 
magnitude which is not the greater of the two A—B, B be not 4% than 
C, take 2 A—B, 2 B, the doubles of A—B, B; but if that which is not 
the greater of the two A, B be leſs than C, it may be multiplied ſo as to 
become greater than C, whether it be A—B or B. Let it be multiplied, 
therefore, until it become greater than C ; and let the other be multiplied 
as often. Let m A—B, m B, be theſe equimultiples, which are, therefore, 
each greater than C: And in every one of the caſes, let g C be that multi- 

le of C which firſt becomes greater than mB and C (i x C), the 
AC ar er anc þ 

Becauſe C is the multiple of C, which is the frf that becomes > r m B; 
the next preceding multiple p C is not > rm B; that is, mB is not n ,. 
And m.A—B, B, being equimultiples of the magnitudes A—B, B; the 
ſum (m A—B+mB—) mA and B, are the ſame equimultiples of A 
B (Prop. I.), as is evident alſo by the notation. 
But it was ſhown that m B not >s C, and m A- BNC. the 

(Hyp.) ; but as ſhown, qC >r mB, or mB not Nr qC. Thus: 
83 mA>rgC - Def. VII. 
TL JT mBnot>rgCI}A:C>rB:cC. 


Alfo,C:B>rC: A. For having ſtated the fame multiples, &c. as 
above, it may be ſhown, in like manner, that g C > r B, and not > rm A. 
GHGD aC>rmB Def vIL 
a7 Rin {aCnat>rmAJC:B>rC:A. 


Otherwiſe *. 


ATE >r a] "a FAD :C>rA:C 
& C: AprC: Ab. 
Take 

* Ir Plarſnir', Grometry, Book V. p. 142. | 


- — — + 


— — 2.2 — RE Rs ets FR — — 
* 
„ 


PROPOSITIONS. Ln. 


Take m, u, multipliers, ſuch that m A >r C, mB >rC, and a C the 
leaſt multiple of C, exceeding m AN B (=mxA+B). 


Hyp. a CY r ATA B a 
—.— C . 121 or -A Arc. 
Hyp. nC >r m a +mB Hyp. Br C 
wy ꝗ.? ] by: n—] Cru A. 
Thus: | | 


(* AN B) m.A+B >r n—1.C 
mA (Sr and) not >r n—1C 
Def. VII. AB: CSA: C. 
Alſo, as —1 C >r mA 
11 C (S: and) not > r mA+B 
Def. VII. C: Apr C: AB. 


PROPOSITION IX. 
Magnitudes which have the ſame ratio to the ſame magnitude, are equal 


to one another; and thoſe to which the ſame magnitude has the ſame ra- 


tio, are equal to one another.. 
A: CSB: C 
5 Hyp. [e: Ee: &] Thea AB. 
If A, B are not equal, they muſt be , and one 


than the other, which ſuppoſe to be A. Then fince A r B, and C 2 
third magnitude of the ſame kind: there are (Prop. VIII.) ſome equimul- 
tiples m A, m B of A, B, and ſome equimultiple q C of C, fuch that m A 
>rqCandmBa#t>rgC,orgC>rmBandawt>r mA. But, be- 
cauſe A: CB: C and C: BGC: A (Hyp.) Def. V. fmA >r 


C, then m Br C; orf Cr nB, then 90 >r mA; but m B ac 
erg C, and qC t >r m A, which are impoſſible. Therefore, fince 


the 8 inequality of A, B involves an impoſſibility in both caſes, the 
magnitudes of A, B are not unequal, that is, they are equal. 


PROPOSITION X. 


That magnitude which has a greater ratio than another has unto the 
ſame magnitude, is the greater of the two; and that magnitude to which 
the ſame has a greater ratio than it has unto another magnitude, is the leſs 
of the tWO. A | , 

: Cr B: Cf | 
Hyp [CBC Aa (Then A>rB. 5 
Becauſe A: Cr EB: C, and C: Ber C: A (Hyp.) : there are 
fome (Def. VII.) equimultiples m A, m B of A B, and /me multiple C 
of C, ſuch that m AN HC and m B̃ nt rg C, orgC>rmB and . 
rm A. Thereſore, ſince m A Hrn J in both caſes, it is Ar B 
(Axiom IV.). 


PROPOSITION 


5 * P — 
» bis — — —— W 1 


+. 


* 
A2 


* * * 
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PROPOSITION XI. 
Ratios that are the fame to the fame ratio, are the ſame to one ano 


ther. | 
A: BC: D | 
H (CBE: F] Then A: BE r. 
A1 BY A: B=C: D Hyp.JC: DE Hy. 
C >m 41 »Def. V. Def. V. 
E F mA>r= or >enB{mC>r=or>:inDi 


mC>r=—_or>saDJmEp>r—or>:nF. 


Thus: when mC > r—or >: « D 
mA re nB „ Def. V. 
mnESrz_—>snF) A:B—E;F. 


COROLLARY. 
Ratios that are the ſame to the _ ratios, are the ſame to one ano» 
ther. | e | 


PROPOSITION XII. —-THEOREM. 
If any number of magnitudes be proportionals, as one of the antecedents 
2 ſo ſhall all the antecedents taken together be to all 


Hyp. | A: Bc. DE F. e. Then A: B—A 


: BTD F, &c. 
A: 2: D=E : F, &c. (Hyp.) 


A\ B 
J D | 
E (® * 


And by Def. V. 
If mA >r—or 2B 


＋C＋E, &c. 


 Thep nC >r—or >5 na D 
nE rer 
38 &c. 


And conſequently, m A+m C-+mE &c. P 7==0T > enB +=D-aF &c. 


Or nx A+C+E&c.> or K BTD F &c. 


Ann! be neee 
a B: F &c. &c. : 8 
"oy C 


' 
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PROPOSITION XIIL—THEOREM. 


If the firſt has to the ſecond the fame ratio which the third has to the 
fourth, but the third has to the fourth a greater ratio than the fifth has to 
the ſixth ; the firſt ſhall alſo have to the ſecond a greater ratio than the 
fifth has to the ſixth. 


Hyp. eme, | 
Since C: DYE: F (Hyp.), there are (Def. VII n 
tiples n C, m E, of C, E, and ſome equimultiples of = D, = F, of D, F, fuch 
that C >r aD, and E nt, e F. 


Alſo, fince A: —_ D, Hyp. Def. V. 
| A If mA >r=—=or > 2B 
e- D 


Then m C > r—or > n D. 
By fu ſition, mC >r = D) Thus m A >r = BY +.+ Def. VII. 
Bel. V. mAz>rnaB mEnmnt>rnFSA:B>rEtF. 


COROLLARY I. 


If the firſt has a greater ratio to the ſecond than the third has to the 
fourth, but the third has the fame ratio to the fourth which the fifth has to 
the ſixth ; it may be demonſtrated, in like manner, that the firſt has a 
greater ratio to the ſecond than the fifth has to the fixth. 


Hyp. 0:0 N E pe Then APB>r: E:F. 


COROLLARY II. 


If the firſt has the ſame ratio to the ſecond which the third has to the 
fourth, but the third has a leſs ratio to the fourth than the fifth has to the 
ſixth ; then the firſt has a leſs ratio to the ſecond than the fifth has to the 
ert. 


| A: BC: D Fa ES 
Hyp. le DIA BL. E: F. 


COROLLARY III. 
If the firſt has a greater or leſs ratio to the ſecond than the third has to 


the fourth, and the third has a greater or leſs ratio to the fourth than the 


fifth has to the ſixth ; then the frſt has a greater or leſs ratio to the ſecond 
than the fifch has to the ſixth. 


A;B>ro>sC:D! 
Hyp- JC:D>rap>:E:F Then A: BNN E. . We 
| C PROPOSITION 


18 PROPOSITIONS. 


PROPOSITION XIV.—-THEOREM. 


If the firſt has to the ſecond the fame ratio which the third has to the 


err the ſecond ſhall be 
greater than the fourth ; and 3 and if leſs, lefs. 


A>r—or > sC 
Hyp. 3 A: B=C: e 
A >r C, Hyp. _] 


I. 

A.: Bren v. II. . Hyp. Ir. 
A:B==C: B, H. A. BC D, Hyp. ed anden 
5e en xi. N wk B-—A: D. rene 
Or 


.Der B, Caſe I. 


PROPOSITION XV.—THEOREM. 
k Magnitades have the ſame ratio to one another which their equimukiples 
ave. 
A: BA: m B, being any number. 
A 


„A, A, A, &c. to mtermS==m &. 


B, B, B, 
A: 


COROLLARY. 


SCHOLIUM. 


PROPOSITION XVI.—THEOREM. 


If four magnitudes of the fame kind be proportionals, ſhall alſo be 
— thy = 
1 


The Corollary, though not given by Euclid, is equally uſeful wi the Pro- 


Hofition. 


—— 


—— 


* — 57 
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. BC: D „ C—: 


B D* 
A: B—m A: m B, Prop. XV. þC:D==C: D, XV. 
A: BC: D, Hyp. A: B= C: D, Prop. XI. 
> C: D=—m A :mB, Prop. XI. lll» nod Pr. XIV 
Then aB r=or> 220 Ms 


And . Def. v. A: CB: D. 


PROPOSITION XVII.—THEOREM. 


Tf magnitudes taken jointly be proportionals, ſhall al ſo be 
yonals when re be 
one of them the fame ratio which two others have to one of theſe, the re. 
maining one of the firſt two ſhall have to the other the fame ratio whicle 
the remaining one of the laſt two has to the other of theſe. 


E. | A+B: B=C+D:D Dau, A: B=C:D. 


5 J. 


D 
n A mXx A 3 m C n NC 
mn B—=mxB _ | | | | mD— = x D 
. > 1 mC+mD-—mxC+D 
But A+B >-r B II Bu C+D>-D 
— nne J 0 3 Bor 


Def. v . | Whence, kin m B from the tor- 
* TI e B51 | mer, and mD from the latter, 
- r old 
Then m.C+D > r—=or >s5nDIJ) Then ac g er D. 
b | 


And . Def. V. A: B= C: D. 


| PROPOSITION XVIIL—THEOREM. 
If ma . proportionals, they ſhall alſo be pro- 
„ taken join that is, if the firſt be to the ſecond as the 
third to the fourth, the 11 and ſecond together ſhall be to the ſecond 


as the third and fourth together to the fourth. 
Hyp. | A—B : B=C-D: D | Jointly, A: B—C:D. 


a 4 


24 2 
C 2 mA 


* — — 


— 


5 


PROPOSITIONS. 


m A-— mx A m C NC 
mB—mxB cp ( f mD—m xD 


mA-—mnB—nxA—B 7 
A—B: B=C-D:D 


If m.A—B>r—or>: nB m D to the latter, 


Thenm.C—D > r==or > 5 =D If mA >r—or >s m+nxB 
Then mC > r=or > s m+n xD 


And . Def. V. A: BC: D. 


Det v. leerer. 


PROPOSITION XIX.—THEOREM. 
If a whole magnitude be to a whole as a magnitude taken from the firſt 


is to a magnitude taken from the other, the remainder ſhall be to the re. 
| maindex as the whole to the whole. | 


Hyp. A+B: C+D=B: D | Then A: C=A+B:C+D, 
. « Alternately, ALB: B—C+D: D, Prop. XVI. 
Disjointly, A: B-=C : D, Prop. XVII. 
Altervately, A: CB: D, Prop. XVI. 
Hyp. A+B:C+D—B:D. 
* A:C—A+B:C+D, Prop. XI. 


COROLLARY. 

If the whole be to the whole as a magnitude taken from the ſirſt is to a 
magnitude taken from the other, the remainder likewiſe is to the remain. 
der as the magnitude taken from the firſt to that taken from the other. 

Hyp. | A+B:C+D—B:D | Then A: CB: D. 
The fourth ſtep of the demonſtration. 


PROPOSITION E.—THEOREM. 


If four magnitudes be proportionals, they are alſo proportionals by con- 


verſion; that is, the firſt is to its * above the ſecond as the third to 
bis exceſs above the fourth. 


Hvp. | A+B:B—=C+D: D |} Connelly, ATB: ASC . C. 
Since AB: B CT D: D, Hyp. | 
-.* Disjointly, A: BC : D, Pro XVII. 
Inverſely, B: AD : C, Prop. B. 
Icintly, ATB: — C, Prop. XVIII. 
PROPOSITION 


—— — 


- 
* — CR 


—— > — 


And B: CE: E, Hyp. 


PROPOSITIONS. 20 


PROPOSITION XX.—THEOREM. 


If there be three and other three, which taken two and two 


ordinately (Def. XVIII, ATT.) have the ſame ratio; if the firſt be greater 
than the third the fourth ſhall be greater than te th ; and if equal, equal; 
and if | 


H A, B, C A:B—D:E]IfA >r=or >+ C | 
JP TD, E, FFB: c= E: F Then D > r=or > F. 


VIII. | 
yp- [V 
-D:E>rC: B, Prop. XIII. 


Or C: BF: E, Prop. B. 
D: Er F: E, Prop. XIII. Cor. 
And Dp r F, Prop. 


' PROPOSITION XXI.—THEOREM. 


If there be three magnitudes, and other three, which taken two and two 
inordinately (Def. XX.), have the ſame ratio; if the firſt magnitude be 
greater than the third, the fourth ſhall be greater than the fixth 3 and if 


* and if leſs, leſs. 
w- (B. E. F) 6 :B—E:F ee 


D, E, F/ B: C=D: E/ Then D > r—or F. 
I. Adr C, Hyp. 3 | 3 
* A:B>rC: B, Prop. VIII. Bo — Hyp. | 
rat 2 Hyp. | A: B=C: B, Prop. VII. | 
E: 44 B, Prop. XIII. FN F, r 
And B: C —D : E, Hyp VP- | (C: E. B, Hyp. Prop. B. 
* Bon 1 III - 

r ro Mu l 
And * DB 1. X. And , Prop. Iz 


III. 


K PROPOSITIONS, 


III. A>sC 

Wee B—E : D, H 

A, B, C C: , . B. 
D, E. F S. mY 


PROPOSITION XXIL—THEOREM. 


If there be any number of des, and as many others, which taken 
gwo and two or v have the rr XVIII. 
XIX.), the firſt 


have to the laſt of the firſt magnitudes the ſame ratio 
which the firlt of the others has to the laſt. 


H ISIS A:B—D:E 


B: Err LAG, xj T3 "Bb. r 


9383 A: BD: E Ss A: 
_ 8 N. Ian gc. r \ 


mA, nB,pC | „A: aB D: E. 
Thee} 1 2B: %C E: F. 


| If mApr—_or>epC} FOE 
9 'TOP, XX. | >» . » WEa==4/ 0 + 
Prop. * py 2 Del. v * C=D:F 


Hoo. II. (As By C. P. &c. FA: BE: F 
P- LE, F. G, H, xc. B: CF: G Equality. 
C: DG: HA: r H. 


&c. &c. 
A, B, CA: B- F, Hyp. Caſe I. [A: c E: & 
IE. T, GIB. .d, H. A: C=E: G | C:D=G: H,Hyp. 


4 Caſe n] And fo cn, whaterer be the number of magnitudes, 


PROPOSITION XXIIL.—THEOREM. 


If there be any number of magnitudes, and as many others, which taken 
two and two i „ have the ſame ratio; then, rate equa- 


by perturbe 
lity (Def. XX.), the firſt ſhall have to the laſt of the firſt magnitudes the 
fame ratio which the firſt of the others has to the laſt. 


„B, CWA: BE: F/ Perturberate equality. 
Hyp. 1 E. F) B: CD: ET A: C=D:F. 


— — —— —ñ — V 1-4 


fourth; 


9 


Jo E | Prop. XV. A: B==mA :mBy - Prop. XI. 


: FE: F nA: BAE: F. 


Hyp. 8 : C=D: 7 


mA, NK . Halde oC * * 
mD, uE, « F 2B: D: E( Then mD > r—or > : nF XX1. 
„Def. V. A: D: F. 


H nE RE A: B= G: H] 
P. **-\E, F, G, H, &c. JB: : N 
C: DE: FI A: DE: E. 


DJ F 3 


&c. &c. 
A, B. WA: B=G: H. A (A! Caſe I. „A: cr: H, cast. 
F,G, H s . G, Hyp. (A: C=F : H\C: D=E: F, H. 


A: gon H) Aud fo on, whaterer be the number of magnitudes. 


SCH OLIUM. 


From this and Propofitin XX, „ Propofitios . 
and Propoſition X it folloaus directly, Pays Tn a, bod 
of pul rai, ore 1h Jane oh one cre; as particularly — 
which are — * more I. — x, Gl this — 
and Propaſtion XXI. | 


PROPOSITION XXIV.—THEOREM. 


If the firſt has to the ſecond the ſame ratio which the third has to the 
fourth, and the fifth to the ſecond the ſame ratio which the fixth has to the 
the firſt and fifth together ſhall have to the ſecond the ſame ratio 

which the third and fixth together hare to the fourth. 


Hp (F. RF: DJA+E:B=C+F:D. 


E: BP: D, H A: BC: D, Hyp. 
B: ED: F. Prop. B. LB: ED: . Hz. Prop. B. 


Equality, XXII. Jointly, Prop. XVIII. 


A: :F AFE: E—C+F:F. 
Thus E: B—F:D, H Prop. XXII. 
Aud A+E; E—=C+F; Pr Jas Wel. D. 


COROLLARY 


PROPOSITIONS. 


* 
COROLLARY I. 
If the fame h efis be made as in the Propoſition, the exceſs of the 
«If the fame hypotheſis be made as in the Propoſion, th exces ofthe 
the fourth. 


That is, AGE: B=CwunF:D. 


The demonſtration of this is the fame with that of the Propoſition,” if 


* taken disjointly inſtead of jointly. 


COROLLARY IL 
The Propoſition holds true of two ranks of magnitudes, whatever be 
their numbers, of which each of the firſt rank has to a ſecond magnitude 


the ſame ratio that the correſponding one of the ſecond rank has to a fourth 
magnitude, as is manifeſt. 


PROPOSITION XXV.—THEOREM. 


II four | ;onal: the greateſt and leaſt of them to · 
eee thn he ter to wee 


Hyp. E 


where G4H is the 


and «.* L the leaſt, s gem A, XIV. ner LAH. 


Since G+H : K-+L—H:1L, Hyp. 


ne- He 
Ger K, Prop. A. 


And. G+H+L>r E+H+L, Ax. IV. e. 1. 


That is, G+H+L >r KTL H. 


3 D. „Eee, 
Hyp. 3 


But A > r B, Hyp. 
*.* A—C > r B—D, Prop. 
And C+D=<C+D 
**A+D>r B+C, Ax. IV. e. 1, 


— on 


| 


— 
— — ——— u?9 . 


— 2 


| 
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PROPOSITION F.—THEOREM. 


another. 


Ho. $ ABC FA:B=D:ET Then A:B=E:F}F Then 
yp- \DEF B:C=E:F (ACD: F) B:C=D:E N A: CD. f. 
| = " ins 


IB, C FA:B=D:E f. - Prop. XXII. 1 A: CAB RN 
* Fee 2 A: C =D. F D:F=D:E+E:F- 
x Def. 


PROPOSITION G.—THEOREM. 


If ſeveral ratios be the fame with ſeveral ratios, each to each, the ratio 
which is compounded of ratios which are the fame with the firſt ratios, 
each to each, is the fame with the ratio compounded of ratios which hre 
the ſame with the other ratios, each to each. 


= A,B, c. Dꝰ k. LMI A:B=E:F,C:D=G:H (E:F=N:O 
P- I E, F, G, HI N, O, P F A:B=K:L,C:D=L:M } G:H=0:P 
F Then | K: MN: P. | 


K, L, MSK. LISA: BE: F) -N: O, Hyp.? - Prop. XXII. 


N, O, P IL: MC: D=G: H) O: P, Hyp. H K: N: P. 


I 


K:M—K:L+L:MDel-X—A:B+CD In 
N: PN: O G: P, Def. X.-E:F+G:H J . 


PROPOSITION H.—THEOREM. 


Tf a ratio compounded of ſeveral ratios be the fame with a ratio com- 
pounded of any other ratios, and if one of the firſt ratios, or a ratio com- 
pounded of any of the firſt, be the ſame with one of the laſt ratios, or with 
the ratio compounded of any of the laſt, then the ratio com ed of the 


remaining ratios of the firſt, or the remaining ratio of the firſt, if but one 


remain, is the fame with the ratio compounded of thoſe remaining of the 
laſt, or with the remaining ratio of the laſt. 


H A, B, C, D, E, TD A:F=G:M Then 
* 1, . K. L, i SAID. KM 


6 PROPOSITIONS. 


A: FA: A: B+B:C+C:D :D+D: 1] 
| G: :M—G:H H+H:K+KEL L+L:M A=. Hyp. 


| AD=FB+FT+ED } ,. 1 3 
G:K—=G:K+H:K ) A:D=G:K,Hyp. | D:A=K:G,Pr.B. 


D:F=Þ:E+E:F Prop. XXII. 
UKM=EL+LEM & D:F==K:M 1 


PROPOSITION K.—THEOREM. 


If there be any number of ratios, and any number of other ratios, ſuch 
that the ratio compounded of ratios which are the ſame with the firſt ratios, 
each to each, is the fame with the ratio compounded of ratios which are 
the ſame, each to each, with the laſt ratios ; and if one of the firſt ratios, 
or the ratio which is compounded of ratios which are the ſame with ſeveral 


of the firſt ratios, each to each, be the fame with one of the laſt ratios, or 


with the ratio compounded of ratios which are the ſame, each to each, with 
| feveral of the laſt ratios; then the ratio compounded af ratios which are 


the fame with the remaining ratios of the firit, each to each, or the remain- 


ng rave of the full, if but one remain, is the ſame with the ratio com- 
of ratios which are the ſame with thoſe remaining of the laſt, each 
. 


K jt 7 h, 4, J * e 2 wt 


G:H, EI. MEN, 0:P, ITY 


robo: + be K:L+M: :N rr N r 
eq=eſ+fa(= =A:B=S:T, Hyp. )=G: G:H+K:L, Hyp. 


Bb I- C: DE:, Hyp. 


— —— — — — — — — 


mp TR: o Tc: p M. NO: PCR, Hyp. a. Tb: Tc: d, Hyp. 


ö A: B; C: D; E, F 5 
| G:H; K:L; M:N; O, P; O. R 8, T, v, Xx 
e, f | m, u, o, Þ | V, Z, a, l, e, 


= — 06/6 mm — 
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A * o 
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— ä dn XXII. 12 B(=S:T Fer lr 
8 = 


—K:L)= 
H=C:D Prop. XXII. K T2825 — 


EE: FD X e — 
_— Ow .- I - T d Br. 
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ERRAT A. 


Preface, line 3, for Commendine's, read Commandine's 
Page 6, line 12, dele removed. 

—— 14 line laſt but one, for AB: C, read AB: c. 
—— 15, line 7, for —1. C, read —1. C. 
. 
—— 16, 32z a 
— ib. line 34, for ya OY 


